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Abstract: It is shown that for a higher weak isospin symmetry, SU(P )L with P ≥ 3,
the baryon minus lepton charge B − L neither commutes nor closes algebraically with
SU(P )L similar to the electric charge Q, which all lead to a SU(3)C ⊗ SU(P )L⊗U(1)X ⊗
U(1)N gauge completion, where X and N determine Q and B − L, respectively. As a
direct result, the neutrinos obtain appropriate masses via a canonical seesaw. While the
version with P = 3 supplies the schemes of single-component dark matter well established
in the literature, we prove in this work that the models with P ≥ 4 provide the novel
scenarios of multicomponent dark matter, which contain simultaneously at least P − 2
stable candidates, respectively. In this setup, the multicomponet dark matter is nontrivially
unified with normal matter by gauge multiplets, and their stability is ensured by a residual
gauge symmetry which is a remnant of the gauge symmetry after spontaneous symmetry
breaking. The three versions with P = 4 according to the new lepton electric charges are
detailedly investigated. The mass spectrum of the scalar sector is diagonalized when the
scale of the U(1)N breaking is much higher than that of the usual 3-4-1 symmetry breaking.
All the interactions of gauge bosons with fermions and scalars are obtained. We figure out
viable parameter regimes given that the multicomponent dark matter satisfies the Planck
and (in)direct detection experiments.
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1 Introduction
The standard model of fundamental particles and interactions has been extremely successful
in describing observed phenomena, especially predicting the existence of the Higgs boson.
However, it leaves a number of striking physics features of our world unexplained. The
experimental evidences of neutrino oscillation have indicated that the neutrinos have non-
zero small masses and flavor mixing, which cannot be solved within the framework of the
standard model [1, 2]. Additionally, the standard model fails to account for the cosmo-
logical issues relevant to particle physics, such as the matter-antimatter asymmetry of the
universe and the fact that the standard model addresses only about 5% matter content of
the universe [3]. The rest includes 26.5% dark matter and 68.5% dark energy, which all lie
beyond the standard model [4, 5]. In this work, we concentrate on the dark matter issue,
finding its implication to the other puzzles.
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The most widely studied dark matter candidate in particle physics and cosmology is a
new kind of colorless, electrically-neutral, and weakly-interacting massive particles, called
WIMPs [6, 7]. Such particles arise naturally in many extensions of the standard model from
the supersymmetric models [8–11] to models with universal extra dimensions [12–15], little
Higgs models [16–19], and other interesting scenarios [20–48]. Despite severe constraints
from stability condition on cosmological timescales, relic density [4, 5], direct [49–53] and
indirect [54–58] searches, and particle colliders [59, 60], the dark matter candidate can
be viable to be a fermion, a vector, or a scalar, with mass scales ranging from a few
GeV to several TeV.1 The stability of the dark matter candidate is usually ensured by an
unbroken discrete symmetry, such as R-parity in supersymmetry, KK-parity in universal
extra dimension, T -parity in the little Higgs theory, matter parity in B − L extensions
[30, 63, 64], or lepton parity in neutrino mass generation schemes [65]. Generally, all of the
standard model particles are even, whereas the relevant new particles are odd, such that
the lightest odd particle is stabilized, contributing to dark matter. A lot of such discrete
symmetries must be imposed by hand, assumed to be exact or appropriately violated. The
possibility of discrete symmetry that arises as a residual gauge symmetry is compelling,
because the gauge symmetry not only determines and stabilizes dark matter candidates
but also sets dark matter interactions and observables.
The mentioned experiments on relic density, direct and indirect detections, and particle
colliders have not yet provided the particle picture of dark matter. Obviously, the men-
tioned theories often assume dark matter to be composed of a kind of a single particle—the
lightest particle that is odd under the discrete symmetry. Since the constituent of dark
matter is still an open question, there is no reason why dark matter comes from such a
single particle kind. The scenario of multicomponent dark matter seems to be naturally
in view of the rich structure of stable normal matter—the atoms. Furthermore, they have
been phenomenologically and/or theoretically motivated [66–85] and revealed interesting
consequences for galaxy structure [86, 87]. The schemes of multicomponent dark matter
have been especially to accommodate the multiple gamma-ray line and boosted dark mat-
ter signals [88–94] as well as dark matter self-interactions [95, 96]. Theoretically, to have
a multiple dark matter scenario, the simplest way adds to the standard model an exact
discrete symmetry Z2 ⊗ Z2. One can also add an exact Z2 symmetry to supersymmetric
models, or to universal extra dimension models, or to U(1)B−L models. Besides, there are
other interesting approaches [97–112]. Since the dark matter structure is enriched, such
scenarios possess interesting phenomenological consequences, attracting current research.
Among the standard model extensions, the models that include B−L as a gauge charge
have intriguing features. They can explain small neutrino masses through the exchange of
heavy right-handed neutrinos, which arise as a result of B − L anomaly cancelation, while
the right-handed mass scale is induced by B − L breaking [113–121]. The theories that
contain noncommutative B−L charge define the dark sector to be nontrivially unified with
the normal sector in gauge multiplets, while the residual B−L charge stabilizes dark matter
candidates [30, 32–38, 42, 46]. Since dark matter takes part in gauge multiplets, the gauge
1See [61, 62] for recent reviews and updates.
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symmetry would govern the dark matter observables, providing very predictive signals. The
inflation and leptogenesis can be derived by the B − L symmetry when its breaking scale
is high enough [36, 43, 47, 122]. In this article, we develop a gauge theory that contains
noncommutative B−L charge. Starting from a higher weak isospin symmetry SU(P )L, we
prove that the complete gauge symmetry must be SU(3)C⊗SU(P )L⊗U(1)X⊗U(1)N , called
3-P -1-1, where the last two factors determine the electric charge and B−L, respectively. We
show that this theory provides multicomponent dark matter naturally for P ≥ 4. Whereas,
the model with P = 3 yield single component dark matter, which has been well established
in the literature [30, 32, 33, 36, 37, 43, 46].
The rest of this work is organized as follows: In Sec. 2, we construct a general noncom-
mutative B−L gauge theory for multicomponent dark matter, discussing the spontaneous
symmetry breaking, residual symmetries, dark matter stability, and fermion masses. In
Sec. 3, we study the mass spectra of the scalar and gauge boson sectors according to the
minimal model of multicomponent dark matter, i.e. the 3-4-1-1 model. All the interactions
of gauge bosons with fermions and scalars are obtained in Sec. 4. In Sec. 5, we consider
the three different scenarios of multicomponent dark matter and examine the dark matter
observables. We summarize the results and make conclusions in Sec. 6.
2 Noncommutative B − L gauge theory
The purpose of this section proposes a general B − L gauge model responsible for multi-
component dark matter. The minimal realization of the model is presented.
2.1 General setup
Apart from the QCD group, let the SU(2)L symmetry of weak isospin be enlarged to
SU(P )L for P = 3, 4, 5, · · · , a higher weak isospin symmetry. Correspondingly, let each
standard model fermion doublet be enlarged to either the defining representation (P -plet) or
the complex conjugate of defining representation (anti-P -plet) of SU(P )L. The [SU(P )L]3
anomaly cancellation demands that the number of fermion P -plets equals that of fermion
anti-P -plets, since a representation and its conjugate have opposite anomaly contributions.
It follows that the number of generations is a multiple of fundamental color number, 3.
Further, the QCD asymptotic freedom condition implies that the number of generations
is not larger than [33/(2P )] = 5, 4, 3 for P = 3, 4, 5, respectively. Hence the generation
number is just three, matching that of colors, and P ≤ 5. That property disappears in the
standard model due to vanishing [SU(2)L]3 anomaly for every representation, unlike that
of SU(P )L. The higher weak isospin extension is thus motivated.
Therefore, the fermion content under SU(P )L is arranged as
ψaL =

ν0,−1
e−1,−1
Eq1,n11
Eq2,n22
...
E
qP−2,nP−2
P−2

aL
∼ P, (2.1)
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QαL =

d−1/3,1/3
−u2/3,1/3
J
−q1−1/3,−n1−2/3
1
J
−q2−1/3,−n2−2/3
2
...
J
−qP−2−1/3,−nP−2−2/3
P−2

αL
∼ P ∗, (2.2)
Q3L =

u2/3,1/3
d−1/3,1/3
J
q1+2/3,n1+4/3
1
J
q2+2/3,n2+4/3
2
...
J
qP−2+2/3,nP−2+4/3
P−2

3L
∼ P, (2.3)
plus the corresponding right-handed components transforming as SU(P )L singlets. The
generation indices are a = 1, 2, 3 and α = 1, 2. The new fields E’s and J ’s are necessarily
included to complete the representations. Their subscripts are SU(P )L indices, while the
superscripts of all fields are clarified below.
Without loss of generality, take a lepton P -plet into account. Since the new fields E’s
are unknown, let their electric chargeQ and baryon minus lepton charge B−L be q’s and n’s,
respectively. Thus, each lepton field (ν, e, E’s) possesses a pair of the characteristic charges
(Q,B−L) as superscripted, respectively. Suppose thatQ and B−L are conserved, which are
all approved by the standard model and the experiment. BothQ and B−L neither commute
nor close algebraically with SU(P )L. Indeed, we have Q = diag(0,−1, q1, q2, · · · , qP−2) and
B − L = diag(1/3, 1/3, n1, n2, · · · , nP−2) for ψaL, which are generally not commuted with
the SU(P )L weight raising/lowering generators:
[Q,T1 ± iT2] = ±(T1 ± iT2), (2.4)
[Q,T4 ± iT5] = ∓q1(T4 ± iT5), (2.5)
[Q,T6 ± iT7] = ∓(1 + q1)(T6 ± iT7), (2.6)
[Q,T9 ± iT10] = ∓q2(T9 ± iT10), (2.7)
[Q,T11 ± iT12] = ∓(1 + q2)(T11 ± iT12), (2.8)
[Q,T13 ± iT14] = ∓(q2 − q1)(T13 ± iT14), (2.9)
· · · · · · · · · ,
[Q,TP 2−3 ± iTP 2−2] = ∓(qP−2 − qP−3)(TP 2−3 ± iTP 2−2), (2.10)
for the electric charge, and
[B − L, T4 ± iT5] = ∓(1 + n1)(T4 ± iT5), (2.11)
[B − L, T6 ± iT7] = ∓(1 + n1)(T6 ± iT7), (2.12)
[B − L, T9 ± iT10] = ∓(1 + n2)(T9 ± iT10), (2.13)
[B − L, T11 ± iT12] = ∓(1 + n2)(T11 ± iT12), (2.14)
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[B − L, T13 ± iT14] = ∓(n2 − n1)(T13 ± iT14), (2.15)
· · · · · · · · · ,
[B − L, TP 2−3 ± iTP 2−2] = ∓(nP−2 − nP−3)(TP 2−3 ± iTP 2−2), (2.16)
for the baryon minus lepton charge, where Ti = 12λi (i = 1, 2, 3, · · · , P 2−1) are the SU(P )L
charges, given in the basis of the generalized Gell-Mann matrices. The nonclosure is due to
the fact that if Q and B−L are some generators of SU(P )L, they must be linearly combined
of Q = yiTi and B − L = xiTi, implying TrQ = 0 and Tr(B − L) = 0, respectively. The
last ones are not valid for the general E’s charges, especially for the ordinary right-handed
lepton. In other words, Q, B − L, and Ti do not form a symmetry by themselves.
To close the symmetries, two Abelian charges must be imposed, yielding a complete
gauge symmetry,
SU(3)C ⊗ SU(P )L ⊗ U(1)X ⊗ U(1)N , (2.17)
called 3-P -1-1, where the color group is also included, and X,N determines Q and B − L,
Q =
P−2∑
k=0
βkHk +X, B − L =
P−2∑
k=0
bkHk +N, (2.18)
respectively.2 HereHk = T(k+2)2−1 = T3, T8, T15, · · · , TP 2−1 according to k = 0, 1, 2, · · · , P−
2 are the SU(P )L Cartan generators. Note that X and N are linearly independent as Q
and B −L are. All the charges Q, X, B −L, and N must be gauged, since Hk are gauged
charges, a consequence of the noncommutation. The coefficients β’s and b’s can be obtained
by acting Q and B − L on ψaL, which obey
βk =
√
k
k + 2
βk−1 +
√
2(k + 1)
k + 2
(qk−1 − qk), (2.19)
bk =
√
k
k + 2
bk−1 +
√
2(k + 1)
k + 2
(nk−1 − nk), (2.20)
where the initial conditions are (β0 = 1, q0 = −1) and (b0 = 0, n0 = −1), respectively. For
P ≤ 5, we find β1 = −(1+2q1)/
√
3, β2 = −(1−q1+3q2)/
√
6, β3 = −(1−q1−q2+4q3)/
√
10,
b1 = −2(1 + n1)/
√
3, b2 = −(2 − n1 + 3n2)/
√
6, and b3 = −(2 − n1 + 7n2 − 4n3)/
√
10.
Last, but not least, acting Q and B − L on the quark multiplets, QαL and Q3L, we obtain
the pairs of the corresponding (Q,B − L) charges for component quark fields, as already
superscripted in (2.2) and (2.3).
The important remark is that the higher weak isospin symmetry SU(P )L contains
two noncommutative charges Q and B − L, and the algebraic closure among them yields
the gauge model 3-P -1-1, where B − L is nontrivially unified with the weak interaction in
the same manner the electroweak theory does so for the electric charge. We will shortly
prove that the new fermions E’s and J ’s including new scalar and gauge bosons trans-
form nontrivially under a residual gauge symmetry survived after spontaneous breaking,
which contribute to dark matter. This theory determines dark matter nontrivially unified
2They are given in terms of diagonal generators due to the conservation and additive nature.
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with normal matter in gauge multiplets by the gauge principle, a consequence of the non-
commutative B − L charge. The multicomponent dark matter arises due to a nontrivial
structure of the residual gauge symmetry relevant to the existence of multi B − L charges
n1, n2, · · · , nP−2, or in other words, the 3-P -1-1 extension for P ≥ 4.
To summarize the full fermion content transforms under the 3-P -1-1 symmetry as
ψaL ∼
(
1, P,
q − 1
P
,
n− 2
P
)
, (2.21)
QαL ∼
(
3, P ∗,−1
3
+
1− q
P
,−2
3
+
2− n
P
)
, (2.22)
Q3L ∼
(
3, P,
2
3
+
q − 1
P
,
4
3
+
n− 2
P
)
, (2.23)
νaR ∼ (1, 1, 0,−1), eaR ∼ (1, 1,−1,−1), EkaR ∼ (1, 1, qk, nk), (2.24)
uaR ∼ (3, 1, 2/3, 1/3), daR ∼ (3, 1,−1/3, 1/3), (2.25)
JkαR ∼ (3, 1,−qk − 1/3,−nk − 2/3), Jk3R ∼ (3, 1, qk + 2/3, nk + 4/3), (2.26)
where we denote k = 1, 2, 3, · · · , P − 2, q ≡ q1 + q2 + · · ·+ qP−2, and n ≡ n1 + n2 + · · ·+
nP−2. Of course, the right-handed fermions have the same (Q,B − L) charges as those
of the left-handed fermions in (2.1), (2.2), and (2.3), which were not supperscripted (i.e.
omitted) without confusion. It is easily verified that all the anomalies vanish, as indicated
in Appendix A. Especially, νaR must be presented to cancel the U(1)N anomalies which are
relevant to B − L charge.
To break the gauge symmetry and generate the particle masses properly, we introduce
P scalar P -plets plus a scalar singlet,
ϕ0,011
ϕ−1,021
ϕq1,n1+131
ϕq2,n2+141
...
ϕ
qP−2,nP−2+1
P1

,

ϕ1,012
ϕ0,022
ϕq1+1,n1+132
ϕq2+1,n2+142
...
ϕ
qP−2+1,nP−2+1
P2

,

ϕ−q1,−1−n113
ϕ−1−q1,−1−n123
ϕ0,033
ϕq2−q1,n2−n143
...
ϕ
qP−2−q1,nP−2−n1
P3

, (2.27)

ϕ−q2,−1−n214
ϕ−1−q2,−1−n224
ϕq1−q2,n1−n234
ϕ0,044
...
ϕ
qP−2−q2,nP−2−n2
P4

, · · · · · · · · · ,

ϕ
−qP−2,−1−nP−2
1P
ϕ
−1−qP−2,−1−nP−2
2P
ϕ
q1−qP−2,n1−nP−2
3P
ϕ
q2−qP−2,n2−nP−2
4P
...
ϕ0,0PP

, φ ∼ (1, 1, 0, 2). (2.28)
Here φ owning such quantum numbers is given in order to break U(1)N and produce right-
handed neutrino masses through the couplings νaRνbRφ, when it develops a vacuum expec-
tation value (vev), 〈φ〉 ∼ Λ. The scalar P -plets correspondingly possess the components
ϕ11, ϕ22, ϕ33, · · · , ϕPP which have both Q = 0 and B − L = 0, hence possibly developing
vevs, such as v1, v2, v3, · · · , vP , respectively. The remaining scalar fields have vanishing vev
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due to the electric charge conservation. The first two vevs v1,2 break the standard model
symmetry and give mass for ordinary particles, while v3,4,··· ,P including Λ break the ex-
tended symmetry and provide mass for new particles. To be consistent with the standard
model, we impose v1,2  v3,4,5,··· ,P ,Λ. The scheme of the gauge symmetry breaking is
therefore summarized as
SU(3)C ⊗ SU(P )L ⊗ U(1)X ⊗ U(1)N
↓ v3,4,··· ,P ,Λ
SU(3)C ⊗ SU(2)L ⊗ U(1)Y ⊗ P
↓ v1,2
SU(3)C ⊗ U(1)Q ⊗ P
where Y =
∑P−2
k=1 βkHk + X is the hypercharge, while P is a residual symmetry of B − L
obtained below. To achieve the appropriate scenario of multicomponent dark matter, one
must take v3,4,··· ,P at TeV scale, while Λ that would define both the seesaw scale and the
multiple matter parity P can take values from TeV to the inflation scale ∼ 1015 GeV.
As indicated before, B − L = ∑P−2k=1 bkHk +N is a nonfactorized charge of SU(P )L ⊗
U(1)N . It transforms a general field as Φ → Φ′ = U(α)Φ, where U(α) = eiα(B−L), and α
is a transforming parameter. B − L annihilates the vevs v1,2,··· ,P since the corresponding
scalar fields all have B − L = 0; in other words (B − L)〈ϕ〉 = 0 for every scalar P -plet.
B−L is survived after the gauge symmetry breaking by v1,2,··· ,P . However, B−L is broken
by Λ, i.e. (B − L)Λ 6= 0, since B − L = N = 2 for φ. A residual symmetry of B − L
satisfies U(α)Λ = Λ, thus eiα2 = 1, leading to α = zpi for z = 0,±1,±2, · · · . The final
survival symmetry includes U(zpi) = (−1)z(B−L), which is actually larger than a Z2 (at
least homomorphic to Z6) for z = 0,±1,±2, · · · . We consider an invariant (or normal)
subgroup of it that is generated by the survival transformation P ≡ U(3pi) = (−1)3(B−L)
according to z = 3. We further redefine
P = (−1)3(B−L)+2s, (2.29)
by multiplying the spin parity (−1)2s, which is always conserved by the Lorentz symmetry.
The transformation P is similar to R-parity in supersymmetry, but in our model it arises
from the gauge symmetry and means a multiple matter parity.
Indeed, let us calculate all P values for fields, as collected in Table 1. First note that
(P±k )
† = P∓k and (P
±
k )
2 6= 1 which generally differ from a parity.3 It is clear that the
fields that have a B − L charge dependent on nk or nk − nl transform as P±k or P±k P∓l ,
respectively, while the other fields including the standard model ones have P = 1, called
normal fields. P±k and P
±
k P
∓
l are nontrivial (6= 1) if nk 6= (2z− 1)/3 = ±1/3,±1,±5/3, · · ·
and nk − nl 6= 2z/3 = 0,±2/3,∓4/3, · · · for every z integer, respectively. Such conditions
generally apply since nk, nl can in principle be arbitrary. Hence, the fields that have a
nontrivial P value are called wrong fields, since they possess an abnormal B − L charge,
opposite to the standard model definition of B−L for normal fields (B−L = −1, 1/3, and
0 for leptons, quarks, and bosons, respectively).
3Only if all 3nk + 1 are integer, P reduces to a parity.
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Field νa ea ua da Eka Jkα Jk3 ϕ11 ϕ12
P 1 1 1 1 P+k P
−
k P
+
k 1 1
Field ϕ21 ϕ22 ϕk+2,1 ϕk+2,2 ϕ1,l+2 ϕ2,l+2 ϕk+2,l+2 φ G
P 1 1 P+k P
+
k P
−
l P
−
l P
+
k P
−
l 1 1
Field B C A W12 Wk+2,1 Wk+2,2 W1,l+2 W2,l+2 Wk+2,l+2
P 1 1 1 1 P+k P
+
k P
−
l P
−
l P
+
k P
−
l
Table 1. The multiple matter parity P value of the model particles, where P±k,l ≡ (−1)±(3nk,l+1)
and k, l = 1, 2, 3, · · · , P − 2. Additionally, G, B, C, A and W ’s denote the gauge bosons associated
with the color, X, N , the Cartan and weight raising/lowering generators.
Because our theory conserves the P -transformation, there is no single wrong field in
interactions. Hence, the wrong fields are only coupled in pairs or self-interacted in inter-
actions. Further, if an interaction has rk of P+k fields and sl of P
−
l fields, where rk, sl are
integer, the P conservation implies
∑
k rk(3nk +1)−
∑
l sl(3nl+1) = 2z for z integer. This
is valid for arbitrary nk, nl charge parameters if and only if k = l and rk = sl, i.e. P+k
and P−k always appear in pairs. If an interaction has tkl of P
+
k P
−
l fields for tkl integer, the
P conservation leads to
∑
kl tkl(3nk − 3nl) = 2z for z integer. This happens for arbitrary
nk, nl charge parameters if tkl = tlk, i.e. P+k P
−
l and its conjugate always appear in pairs.
Last, but not least, if an interaction contains both kinds of the above wrong fields, then
the P+k P
−
l field can self-interact with two P
−
k and P
+
l fields, such that P is conserved.
The above analysis yields that P±k is separately conserved, for each k. Thus the invari-
ant subgroup that includes P must span
P =
P−2⊗
k=1
Pk = P1 ⊗ P2 ⊗ · · · ⊗ PP−2, (2.30)
where the operator Pk has values P±k or 1 when acting on a field. Each field would
possess a multiple P value such as P = (P1, P2, · · · , PP−2). The normal fields have
P = (+,+, · · · ,+), while the wrong fields have at least a Pk = P±k 6= 1 in P . For the
latter, we call singly-, doubly-, triply-, etc. wrong fields if they contain one, two, three, etc.
nontrivial Pk’s in P , respectively. Considering the special case, nk = 2z/3 for each k and
any z integer, we have P±k = −1 for every k. In this case, each Pk is a Z2, and the invariant
subgroup that contains
P = Z2 ⊗ Z2 ⊗ · · · ⊗ Z2 (2.31)
closes by itself, called multiple matter parity, as stated before. This structure will be used
for investigating realistic models, where P always possesses odd/even values when acting
on fields, likely P = (· · · ±, · · · ,±, · · · ,± · · · ). It is noteworthy that even if the number
of odd values are even, the corresponding field always belongs to the class of wrong fields,
despite having a product of partial parities P = 1.
Three remarks are in order
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1. It is sufficiently to consider P , since the theory automatically conserves the quotient
group of the residual symmetry by P .4
2. The wrong scalar fields always have vanishing vev, even if electrically neutral, due to
the P conservation. This validates the choice of vevs from the outset.
3. The lightest P±k field is stabilized responsible for dark matter due to the Pk conserva-
tion, for each k. Hence, there are simultaneously P −2 stable dark matter candidates
corresponding to the P1, P2, · · · , PP−2 transformations, called multicomponent dark
matter, as stated before. The 3-4-1-1 and 3-5-1-1 models contain two-component dark
matter and three-component dark matter, respectively, whereas the well-established
3-3-1-1 model has only single-component dark matter.
Furthermore, dark matter must be colorless and electrically neutral. We have various
schemes for dark matter candidates,
1. qk = 0: The candidate is either a lepton Ek, a non-Hermitian gauge boson that
couples νEk, or a scalar combination of ϕk+2,1 and ϕ1,k+2.
2. ql = −1: The candidate is either a non-Hermitian gauge boson that couples eEl or a
scalar combination of ϕl+2,2 and ϕ2,l+2.
3. qr = qs: The candidate is either a non-Hermitian gauge boson that couples ErEs or
a scalar combination of ϕr+2,s+2 and ϕs+2,r+2.
The multicomponent dark matter scenarios are given by composing the above P − 2 con-
ditions. For instance, qk = 0 for all k, the multicomponent dark matter may contain either
only lepton candidates E1, E2, · · · , EP−2, only scalar candidates as combinations of ϕk+2,1
and ϕ1,k+2 for k = 1, 2, 3, · · · , P −2, or composition of those N lepton plus P −2−N scalar
candidates. Alternatively, ql = −1 for all l, the multicomponent dark matter may include
only scalar candidates as combinations of ϕl+2,2 and ϕ2,l+2 for l = 1, 2, 3, · · · , P − 2. Simi-
larly, qk = 0 for k = 1, 2, · · · , N and ql = −1 for l = N + 1, N + 2, · · · , P − 2, this case may
consist of N lepton and P −2−N scalar candidates. Above, we do not interpret the vector
candidates, since they annihilate entirely before freeze-out due to the gauge interactions
with the standard model W,Z, which do not contribute to the present dark matter relic.
In Appendix B we present the fermion mass generation. There, the neutrino masses are
given along with the determination of the seesaw scale Λ ∼ [(hν)2/fν ] × 1014 GeV, which
is proportional to the inflation scale. Therefore, it is naturally to impose
100 GeV ∼ v1,2  v3,4,...,P−2  Λ ∼ 1014 GeV, (2.32)
where the intermediate physical regime v3,4,...,P−2 ∼ 5–10 TeV sets the multicomponent
dark matter observables.
4We can construct a theory such that the residual symmetry coincides with P , assuming a heavy scalar
singlet φ′ ∼ (1, 1, 0, 2/3) for B − L breaking and then integrating it out. But, this is not necessary.
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2.2 Minimal realization
The minimal realization of multicomponent dark matter corresponds to P = 4, i.e. the
3-4-1-1 model. We now provides the necessary features of the model as well as obtaining
the two-component dark matter scenarios that the model contains.
The gauge symmetry is given by
SU(3)C ⊗ SU(4)L ⊗ U(1)X ⊗ U(1)N . (2.33)
The Q and B − L charges are embedded as
Q = T3 + βT8 + γT15 +X, B − L = bT8 + cT15 +N, (2.34)
where we redefine the coefficients β ≡ β1, γ ≡ β2, b ≡ b1, and c ≡ b2 for brevity, and note
that the SU(4)L charges are Ti for i = 1, 2, 3, . . . , 15.
The fermion and scalar contents under the gauge symmetry are expressed in Table 2,
where we relabel the new fermions E ≡ E1, F ≡ E2, J ≡ J1, K ≡ J2, their Q,B−L charges
q ≡ q1, p ≡ q2, n ≡ n1,m ≡ n2, which are identical to theX,N charges of the corresponding
right-handed fermions, and the scalar multiplets η ≡ ϕ1, ρ ≡ ϕ2, χ ≡ ϕ3, Ξ ≡ ϕ4, for clarity.
The charge parameters q, p, n,m are related to the embedding coefficients as
Multiplet SU(3)C SU(4)L U(1)X U(1)N
ψaL = (ν e E F )
T
aL 1 4
q+p−1
4
n+m−2
4
QαL = (d − u J K)TαL 3 4∗ − q+p+1/34 −n+m+2/34
Q3L = (u d J K)
T
3L 3 4
q+p+5/3
4
n+m+10/3
4
νaR 1 1 0 −1
eaR 1 1 −1 −1
uaR 3 1 23
1
3
daR 3 1 −13 13
EaR 1 1 q n
FaR 1 1 p m
JαR 3 1 −q − 13 −n− 23
J3R 3 1 q + 23 n+
4
3
KαR 3 1 −p− 13 −m− 23
K3R 3 1 p+ 23 m+
4
3
η = (η1 η2 η3 η4)
T 1 4 q+p−14
n+m+2
4
ρ = (ρ1 ρ2 ρ3 ρ4)
T 1 4 q+p+34
n+m+2
4
χ = (χ1 χ2 χ3 χ4)
T 1 4 p−3q−14
m−3n−2
4
Ξ = (Ξ1 Ξ2 Ξ3 Ξ4)
T 1 4 q−3p−14
n−3m−2
4
φ 1 1 0 2
Table 2. Field representation content of the model
β = − 1√
3
(2q + 1), γ =
1√
6
(q − 3p− 1), (2.35)
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b = − 2√
3
(n+ 1), c =
1√
6
(n− 3m− 2). (2.36)
The vevs of the scalar multiplets are written as
〈η〉 = 1√
2

u
0
0
0
 , 〈ρ〉 = 1√2

0
v
0
0
 , (2.37)
〈χ〉 = 1√
2

0
0
w
0
 , 〈Ξ〉 = 1√2

0
0
0
V
 , 〈φ〉 = 1√2Λ, (2.38)
where we redenote u ≡ v1, v ≡ v2, w ≡ v3, and V ≡ v4, for convenience. As mentioned, u, v
define the electroweak scale, while w, V determine the intermediate new physics scale rele-
vant to dark matter and the seesaw scale Λ prevents small neutrino masses. The consistent
condition is Λ w, V  u, v.
The multiple matter parity takes the form
P = Pn ⊗ Pm, (2.39)
where the partial parities Pn and Pm have values to be either 1 or P±n = (−1)±(3n+1) =
−1 and P±m = (−1)±(3m+1) = −1, provided that n,m = 2z/3 = 0,±2/3,±4/3,±2, · · · ,
respectively. P classifies the particles, such as
1. Normal particles for P = (+,+), which include the standard model particles;
2. Wrong particles for P = (+,−), (−,+), or (−,−), containing the most new particles.
They are all collected in Table 3, along with the corresponding Q,B − L charges and P
multiple matter parity.
The two-component dark matter scenarios can be extracted when imposing color and
electric neutrality conditions for both kinds of the candidates (i.e., Pn and Pm odd fields).
With the aid of the physical scalar and gauge boson fields identified in the next section, we
derive such dark matter schemes as given in Table 4. As mentioned, since the wrong gauge
bosons do not contribute to dark matter, the model in the last raw is not appropriate for
multicomponet dark matter, whereas the first four models do. The model with q = p = 0
has a rich two-component dark matter structure, to be further investigated in this work.
The total Lagrangian is given, up to the gauge fixing and ghost terms, by
L = F¯ iγµDµF + (DµS)†(DµS)− 1
4
AµνA
µν + LYukawa − VHiggs, (2.40)
where F , S, and A run over the fermion, scalar, and gauge-boson multiplets, respectively.
The covariant derivative and field strength tensors are
Dµ = ∂µ + igstrGrµ + igTiAiµ + igXXBµ + igNNCµ, (2.41)
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Particle Q B − L P
νa 0 −1 (+,+)
ea −1 −1 (+,+)
Ea q n (−,+)
Fa p m (+,−)
ua 2/3 1/3 (+,+)
da −1/3 1/3 (+,+)
Jα −q − 1/3 −n− 2/3 (−,+)
Kα −p− 1/3 −m− 2/3 (+,−)
J3 q + 2/3 n+ 4/3 (−,+)
K3 p+ 2/3 m+ 4/3 (+,−)
η1, ρ2, χ3,Ξ4 0 0 (+,+)
ρ1, η
∗
2 1 0 (+,+)
χ1, η
∗
3 −q −n− 1 (−,+)
χ2, ρ
∗
3 −q − 1 −n− 1 (−,+)
Ξ1, η
∗
4 −p −m− 1 (+,−)
Ξ2, ρ
∗
4 −p− 1 −m− 1 (+,−)
Ξ3, χ
∗
4 q − p n−m (−,−)
φ 0 2 (+,+)
G, γ, Z1,2,3,4 0 0 (+,+)
W 1 0 (+,+)
W13 −q −n− 1 (−,+)
W14 −p −m− 1 (+,−)
W23 −q − 1 −n− 1 (−,+)
W24 −p− 1 −m− 1 (+,−)
W34 q − p n−m (−,−)
Table 3. Q, B − L charges and P multiple matter parity of the model particles.
Model (−,+) candidate (+,−) candidate (−,−) candidate
q = p = 0 E1,2,3, H2, W13 F1,2,3, H3, W14 H6, W34
q = 0, p = −1 E1,2,3, H2, W13 H5, W24 Non
q = −1, p = 0 H4, W23 F1,2,3, H3, W14 Non
q = p = −1 H4, W23 H5, W24 H6, W34
q = p 6= 0,−1 Non Non H6, W34
Table 4. Schemes of two-component dark matter.
Grµν = ∂µGrν − ∂νGrµ − gsfrstGsµGtν , (2.42)
Aiµν = ∂µAiν − ∂νAiµ − gf ′ijkAjµAkν , (2.43)
Bµν = ∂µBν − ∂νBµ, Cµν = ∂µCν − ∂νCµ, (2.44)
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where (gs, g, gX , gN ), (tr, Ti, X,N), and (Gr, Ai, B,C) are the coupling constants, genera-
tors, and gauge bosons according to the 3-4-1-1 subgroups, respectively. frst and f ′ijk are
the SU(3) and SU(4) structure constants, respectively.
The Yukawa interactions can be extracted from Appendix B, such as
LYukawa = 1
2
fνabν¯
c
aRνbRφ+ h
ν
abψ¯aLηνbR + h
e
abψ¯aLρebR + h
E
abψ¯aLχEbR + h
F
abψ¯aLΞFbR
+hu3aQ¯3LηuaR + h
u
αaQ¯αLρ
∗uaR + hd3aQ¯3LρdaR + h
d
αaQ¯αLη
∗daR
+hJ33Q¯3LχJ3R + h
K
33Q¯3LΞK3R + h
J
αβQ¯αLχ
∗JβR + hKαβQ¯αLΞ
∗KβR
+H.c. (2.45)
The scalar potential is given by
VHiggs = µ
2
1η
†η + µ22ρ
†ρ+ µ23χ
†χ+ µ24Ξ
†Ξ + λ1(η†η)2 + λ2(ρ†ρ)2 + λ3(χ†χ)2 + λ4(Ξ†Ξ)2
+(η†η)(λ5ρ†ρ+ λ6χ†χ+ λ7Ξ†Ξ) + (ρ†ρ)(λ8χ†χ+ λ9Ξ†Ξ) + λ10(χ†χ)(Ξ†Ξ)
+λ11(η
†ρ)(ρ†η) + λ12(η†χ)(χ†η) + λ13(η†Ξ)(Ξ†η) + λ14(ρ†χ)(χ†ρ)
+λ15(ρ
†Ξ)(Ξ†ρ) + λ16(χ†Ξ)(Ξ†χ) + (λ17ηρχΞ +H.c.) + V (φ), (2.46)
where the last term is the potential of φ plus the interactions of φ with η, ρ, χ, and Ξ,
V (φ) = µ2φ∗φ+ λ(φ∗φ)2 + (φ∗φ)(λ18η†η + λ19ρ†ρ+ λ20χ†χ+ λ21Ξ†Ξ). (2.47)
We will identify the scalar mass spectrum and calculate the gauge interactions of scalars
and fermions, which were all skipped in [44].
3 Scalar and gauge sectors
The necessary conditions for the scalar potential to be bounded from below and to induce
the gauge symmetry breaking properly are
µ2, µ21,2,3,4 < 0, λ, λ1,2,3,4 > 0. (3.1)
The hierarchies u, v  w, V  Λ can be obtained by requiring
|µ1,2|  |µ3,4|  |µ|. (3.2)
We consider the large hierarchy case |µ|  |µ1,2,3,4|, such that φ is decoupled. The φ
field obtains a large vev, Λ2 ' −µ2/λ, implied by V (φ). Let us expand
φ =
1√
2
(Λ +HN + iGZN ), (3.3)
where HN and GZN are heavy Higgs and massless Goldstone bosons associated with the
U(1)N breaking, with the gauge boson ZN ≡ C. The U(1)N gauge and Higgs bosons have
masses, mZN ' 2gNΛ and mHN '
√
2Λ, which are proportional to Λ scale and decoupled
from the particle spectrum.
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Below Λ, integrating φ out, we find that the effective potential at the leading order
coincides with VHiggs when omitting V (φ),
V effHiggs ' VHiggs − V (φ). (3.4)
We expand the scalar quadruplets,
η =
(
1√
2
(u+ S1 + iA1) η
−
2 η
q
3 η
p
4
)T
, (3.5)
ρ =
(
ρ+1
1√
2
(v + S2 + iA2) ρ
q+1
3 ρ
p+1
4
)T
, (3.6)
χ =
(
χ−q1 χ
−q−1
2
1√
2
(w + S3 + iA3) χ
p−q
4
)T
, (3.7)
Ξ =
(
Ξ−p1 Ξ
−p−1
2 Ξ
q−p
3
1√
2
(V + S4 + iA4)
)T
. (3.8)
Substituting them to the effective potential, we derive
V effHiggs = Vmin + Vlinear + Vmass + Vinteraction, (3.9)
which includes vacuum energy, linear, mass, interaction terms, respectively.
Because of the gauge invariance, the coefficients of Vlinear vanish,
(2µ21 + 2λ1u
2 + λ5v
2 + λ6w
2 + λ7V
2)u+ λ17vwV = 0, (3.10)
(2µ22 + 2λ2v
2 + λ5u
2 + λ8w
2 + λ9V
2)v + λ17uwV = 0, (3.11)
(2µ23 + 2λ3w
2 + λ6u
2 + λ8v
2 + λ10V
2)w + λ17uvV = 0, (3.12)
(2µ24 + 2λ4V
2 + λ7u
2 + λ9v
2 + λ10w
2)V + λ17uvw = 0, (3.13)
which provide a solution for u, v, w, V related to the potential parameters.
The mass terms can be separated into,
Vmass = V
S
mass + V
A
mass + V
charged
mass , (3.14)
where the first two terms contain the mass terms of the CP-even and CP-odd scalar fields,
respectively, while the last one consists of the mass terms of the charged scalar fields. Using
the potential minimum conditions,(3.10), (3.11), (3.12), and (3.13), V Smass is given by
V Smass =
1
2
(
S1 S2 S3 S4
)
M2S
(
S1 S2 S3 S4
)T
, (3.15)
where
M2S =

2λ1u
2 − λ17v2u wV λ5uv + λ172 wV λ6uw + λ172 vV λ7uV + λ172 vw
λ5uv +
λ17
2 wV 2λ2v
2 − λ17u2v wV λ8vw + λ172 uV λ9vV + λ172 uw
λ6uw +
λ17
2 vV λ8vw +
λ17
2 uV 2λ3w
2 − λ17V2w uv λ10wV + λ172 uv
λ7uV +
λ17
2 vw λ9vV +
λ17
2 uw λ10wV +
λ17
2 uv 2λ4V
2 − λ17w2V uv
 . (3.16)
Due to the condition u, v  w, V , the above mass matrix would provide a small eigen-
value identical to the standard model Higgs boson (H1) mass and three large eigenvalues
corresponding to new neutral Higgs bosons (H2,3,4). Indeed, at the leading order, we obtain
H1 =
uS1 + vS2√
u2 + v2
, m2H1 = 0, (3.17)
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H2 =
vS1 − uS2√
u2 + v2
, m2H2 = −
λ17(u
2 + v2)
2uv
wV, (3.18)
H3 = cα1S3 − sα1S4, m2H3 = λ4V 2 + λ3w2 −
√
(λ4V 2 − λ3w2)2 + 4λ210w2V 2,(3.19)
H4 = sα1S3 + cα1S4, m
2
H4 = λ4V
2 + λ3w
2 +
√
(λ4V 2 − λ3w2)2 + 4λ210w2V 2,(3.20)
where
tan(2α1) =
λ10wV
λ4V 2 − λ3w2 (3.21)
is finite, given that w ∼ V .
In the new basis, (H1, H2, H3, H4), the mass matrix M2S has a type I and II seesaw
form, which includesm2H1 ∼ (u, v)2 plus the mixing terms between the Higgs bosons H1,2,3,4
proportional to (u, v)(w, V ), while the mass terms of H2,3,4 depend on (w, V )2. Hence, at
the next-to-leading order, the standard model Higgs boson H1 gains a mass via the seesaw
formula, approximated to be
m2H1 '
2
u2 + v2
(λ1u
4 + λ2v
4 + λ5u
2v2), (3.22)
while the heavy Higgs bosons H2,3,4 have the masses as retained. The mixings between the
Higgs bosons are suppressed by (u, v)/(w, V ) 1, as neglected.
The second term V Amass is given by
V Amass =
1
2
(
A1 A2 A3 A4
)
M2A
(
A1 A2 A3 A4
)T
, (3.23)
where
M2A = −
λ17
2

v
uwV wV vV vw
wV uvwV uV uw
vV uV Vwuv uv
vw uw uv wV uv
 . (3.24)
This mass matrix provides a physical pseudoscalar with a corresponding mass,
A = (vA1 + uA2)wV + (V A3 + wA4)uv√
v2w2V 2 + u2[w2V 2 + v2(w2 + V 2)]
, (3.25)
m2A = −
λ17
2
(
u2 + v2
uv
wV +
w2 + V 2
wV
uv
)
. (3.26)
The remaining eigenstates are three massless pseudoscalars identical to the Goldstone
bosons of the corresponding neutral gauge bosons, Z1,2,3, such that
GZ1 =
uA1 − vA2√
u2 + v2
, GZ2 =
wA3 − V A4√
w2 + V 2
, (3.27)
GZ3 =
(vA1 + uA2)(w
2 + V 2)uv − (V A3 + wA4)(u2 + v2)wV√
(u2 + v2)(w2 + V 2)[(u2 + v2)w2V 2 + (w2 + V 2)u2v2]
, (3.28)
where Z1 and GZ1 are identical to those of the standard model, while the others Z2,3 and
GZ2,3 are new physical states.
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Concerning the charged scalar term, we obtain
V chargedmass =
(
ρ+1 η
+
2
)
M21
(
ρ−1
η−2
)
+
(
χq1 η
q
3
)
M2q
(
χ−q1
η−q3
)
+
(
Ξp1 η
p
4
)
M2p
(
Ξ−p1
η−p4
)
+
(
χq+12 ρ
q+1
3
)
M2q+1
(
χ
−(q+1)
2
ρ
−(q+1)
3
)
+
(
Ξp+12 ρ
p+1
4
)
M2p+1
(
Ξ
−(p+1)
2
ρ
−(p+1)
4
)
+
(
Ξ
(q−p)
3 χ
(q−p)
4
)
M2q−p
(
Ξ
−(q−p)
3
χ
−(q−p)
4
)
.
Each of the mass matrices M2’s of the charged scalars yields a massless eigenstate
identical to the Goldstone boson of a corresponding non-Hermitian gauge boson and a
massive eigenstate with a mass at w, V scale. They are summarized as
M21 =
1
2
(
u
v (λ11uv − λ17wV ) λ11uv − λ17wV
λ11uv − λ17wV vu(λ11uv − λ17wV )
)
, (3.29)
G±W =
vρ±1 − uη±2√
u2 + v2
, H±1 =
uρ±1 + vη
±
2√
u2 + v2
, (3.30)
m2H±1
=
u2 + v2
2uv
(λ11uv − λ17wV ), (3.31)
M2q =
1
2
((
λ12u− λ17v Vw
)
u λ12uw − λ17vV
λ12uw − λ17vV
(
λ12w − λ17V vu
)
w
)
, (3.32)
G±qW13 =
wχ±q1 − uη±q3√
u2 + w2
, H±q2 =
uχ±q1 + wη
±q
3√
u2 + w2
, (3.33)
m2H±q2
=
1
2
(
λ12 − λ17 vV
uw
)
(u2 + w2), (3.34)
M2p =
1
2
((
λ13u− λ17v wV
)
u λ13uV − λ17vw
λ13uV − λ17vw
(
λ13V − λ17w vu
)
V
)
, (3.35)
G±pW14 =
V Ξ±p1 − uη±p4√
u2 + V 2
, H±p3 =
uΞ±p1 + V η
±p
4√
u2 + V 2
, (3.36)
m2H±p3
=
1
2
(
λ13 − λ17 vw
uV
)
(u2 + V 2), (3.37)
M2q+1 =
1
2
((
λ14v − λ17uVw
)
v λ14vw − λ17uV
λ14vw − λ17uV
(
λ14w − λ17V uv
)
w
)
, (3.38)
G
±(q+1)
W23
=
wχ
±(q+1)
2 − vρ±(q+1)3√
v2 + w2
, H±(q+1)4 =
vχ
±(q+1)
2 + wρ
±(q+1)
3√
v2 + w2
, (3.39)
m2H±(q+1)4
=
1
2
(
λ14 − λ17uV
vw
)
(v2 + w2), (3.40)
M2p+1 =
1
2
((
λ15v − λ17uwV
)
v λ15vV − λ17uw
λ15vV − λ17uw
(
λ15V − λ17w uv
)
V
)
, (3.41)
G
±(p+1)
W24
=
V Ξ
±(p+1)
2 − vρ±(p+1)4√
v2 + V 2
, H±(p+1)5 =
vΞ
±(p+1)
2 + V ρ
±(p+1)
4√
v2 + V 2
, (3.42)
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m2H±(p+1)5
=
1
2
(
λ15 − λ17uw
vV
)
(v2 + V 2), (3.43)
M2q−p =
1
2
(
(λ16wV − λ17uv)wV λ16wV − λ17uv
λ16wV − λ17uv (λ16wV − λ17uv)Vw
)
, (3.44)
G
±(q−p)
W34
=
V Ξ
±(q−p)
3 − wχ±(q−p)4√
w2 + V 2
, H±(q−p)6 =
wΞ
±(q−p)
3 + V χ
±(q−p)
4√
w2 + V 2
, (3.45)
m2H±(q−p)6
=
w2 + V 2
2wV
(λ16wV − λ17uv). (3.46)
In summary, at the effective limit u, v  w, V , the physical scalar states are related to
the gauge states as follows:(
H1
H2
)
'
(
cα2 sα2
sα2 −cα2
)(
S1
S2
)
,
(
H3
H4
)
'
(
cα1 −sα1
sα1 cα1
)(
S3
S4
)
, (3.47)
(
A
GZ1
)
'
(
sα2 cα2
cα2 −sα2
)(
A1
A2
)
,
(
GZ2
GZ3
)
'
(
sα3 −cα3
−cα3 −sα3
)(
A3
A4
)
, (3.48)
(
G±W
H±1
)
=
(
sα2 −cα2
cα2 sα2
)(
ρ±1
η±2
)
,
(
G
±(q−p)
W34
H±(q−p)6
)
=
(
cα3 −sα3
sα3 cα3
)(
Ξ
±(q−p)
3
χ
±(q−p)
4
)
,(3.49)
G±qW13 ' χ
±q
1 , G
±p
W14
' Ξ±p1 , G±(q+1)W23 ' χ
±(q+1)
2 , G
±(p+1)
W24
' Ξ±(p+1)2 , (3.50)
H±q2 ' η±q3 , H±p3 ' η±p4 , H±(q+1)4 ' ρ±(q+1)3 , H±(p+1)5 ' ρ±(p+1)4 , (3.51)
where the α2,3 angles are defined by tan(α2) = v/u and tan(α3) = w/V , respectively.
Let us investigate the mass spectrum of the gauge bosons, given by
L ⊃
∑
S=η,ρ,χ,Ξ
(Dµ〈S〉)† (Dµ〈S〉) , (3.52)
where the U(1)N gauge and Higgs sectors are decoupled as presented above. Note that
in this case, the kinetic mixing between the two U(1) gauge bosons does not contribute.
Substituting the vevs of the scalar quadruplets, we get
L ⊃ g
2
4
[
(u2 + v2)Wµ+W−µ + (u
2 + w2)W qµ13 W
−q
13µ
+(u2 + V 2)W pµ14 W
−p
14µ + (v
2 + w2)W
(q+1)µ
23 W
−(q+1)
23µ
+(v2 + V 2)W
(p+1)µ
24 W
−(p+1)
24µ + (w
2 + V 2)W
(q−p)µ
34 W
−(q−p)
34µ
]
+
1
2
(
Aµ3 A
µ
8 A
µ
15 B
µ
)
M20
(
A3µ A8µ A15µ Bµ
)T
, (3.53)
where we have denoted the non-Hermitian gauge bosons as
W±µ =
1√
2
(A1µ ∓ iA2µ), W±q13µ =
1√
2
(A4µ ± iA5µ), (3.54)
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W±p14µ =
1√
2
(A9µ ± iA10µ), W±(q+1)23µ =
1√
2
(A6µ ± iA7µ), (3.55)
W
±(p+1)
24µ =
1√
2
(A11µ ± iA12µ), W±(q−p)34µ =
1√
2
(A13µ ∓ iA14µ). (3.56)
The non-Hermitian gauge bosons are physical eigenstates by themselves with corre-
sponding masses
m2W =
g2
4
(u2 + v2), m2W13 =
g2
4
(u2 + w2), m2W14 =
g2
4
(u2 + V 2), (3.57)
m2W23 =
g2
4
(v2 + w2), m2W24 =
g2
4
(v2 + V 2), m2W34 =
g2
4
(w2 + V 2). (3.58)
The W boson has a mass at the weak scale identified to the standard model W boson,
thus u2 + v2 = (246 GeV)2, as mentioned. Whereas, the remainders are new charged gauge
bosons with large masses at w, V scale.
For the neutral gauge bosons, the mass matrix is given by
M20 =
g2
4

u2 + v2 1√
3
(u2 − v2) 1√
6
(u2 − v2) m214
1√
3
(u2 − v2) 13(u2 + v2 + 4w2) 13√2(u2 + v2 − 2w2) m224
1√
6
(u2 − v2) 1
3
√
2
(u2 + v2 − 2w2) 16(u2 + v2 + w2 + 9V 2) m234
m214 m
2
24 m
2
34 m
2
44
 , (3.59)
where
m214 = 2(u
2Xη − v2Xρ)tX , (3.60)
m224 =
2√
3
(u2Xη + v
2Xρ − 2w2Xχ)tX , (3.61)
m234 =
√
2
3
(u2Xη + v
2Xρ + w
2Xχ − 3V 2XΞ)tX , (3.62)
m244 = 4(u
2X2η + v
2X2ρ + w
2X2χ + V
2X2Ξ)t
2
X , (3.63)
where we define tX = gX/g and the scalar X-charges are given above.
The diagonalization of the mass matrix M20 can be read off from [44], which yields the
neutral gauge bosons,
Aµ = sWA3µ + cW
(
βtWA8µ + γtWA15µ +
tW
tX
Bµ
)
, (3.64)
Z1µ = cWA3µ − sW
(
βtWA8µ + γtWA15µ +
tW
tX
Bµ
)
, (3.65)
Z ′2µ =
1√
1− β2t2W
[
(1− β2t2W )A8µ − βγt2WA15µ −
βt2W
tX
Bµ
]
, (3.66)
Z ′3µ =
1√
1 + γ2t2X
(A15µ − γtXBµ) , (3.67)
with the corresponding masses,
mA = 0, m
2
Z1 =
g2
4c2W
(u2 + v2),
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m2Z′2
' g
2w2
3(1 + γ2t2X)
[1 + (β2 + γ2)t2X ], (3.68)
m2Z′3
' g
2
24(1 + γ2t2X)
{w2[γ(2
√
2β − γ)t2X − 1]2 + 9V 2(1 + γ2t2X)2}, (3.69)
m2Z′2Z′3
'
g2w2[γ(2
√
2β − γ)t2X − 1]
√
1 + (β2 + γ2)t2X
6
√
2(1 + γ2t2X)
, (3.70)
where sW = e/g = tX/
√
1 + (1 + β2 + γ2)t2X is the sine of the WeinbergâĂŹs angle.
The photon field A is an exact massless eigenstate, decoupled from the other states.
The field Z1 slightly mix with the two heavy states Z ′2,3, which at the effective limit,
(u, v)2/(w, V )2  1, the Z1 is identified to the standard model Z boson. There is a finite
mixing between Z ′2 and Z ′3, which produces two new eigenstates,
Z2µ = cϕZ
′
2µ − sϕZ ′3µ, Z3µ = sϕZ ′2µ + cϕZ ′3µ, (3.71)
with corresponding masses,
m2Z2,Z3 =
1
2
[
m2Z′2
+m2Z′3
∓
√
(m2
Z′2
−m2
Z′3
)2 + 4m4
Z′2Z
′
3
]
, (3.72)
at w, V scale. The mixing angle is given by
t2ϕ =
4
√
2w2[γ(2
√
2β − γ)t2X − 1]
√
1 + (β2 + γ2)t2X
w2{γ2(2√2β − γ)2t4X − [(2
√
2β + γ)2 + 5γ2]t2X − 7}+ 9V 2(1 + γ2t2X)2
. (3.73)
In summary, the physical neutral gauge bosons are related to the beginning states by
(A Z1 Z2 Z3)
T = U(A3 A8 A15 B)
T , where
U =

sW βsW γsW
sW
tX
cW −βsW tW −γsW tW − sW tWtX
0 cϕ
√
1− β2t2W − sϕ√1+γ2t2X −
cϕβγt2W√
1−β2t2W
sϕγtX√
1+γ2t2X
− cϕβt2W
tX
√
1−β2t2W
0 sϕ
√
1− β2t2W cϕ√1+γ2t2X −
sϕβγt2W√
1−β2t2W
− cϕγtX√
1+γ2t2X
− sϕβt2W
tX
√
1−β2t2W
 . (3.74)
4 Interactions
4.1 Gauge interactions for fermions
The interactions of fermions with gauge bosons are derived from the Lagrangian,
L ⊃
∑
F
F¯ iγµDµF =
∑
F
[F¯ iγµ∂µF − gsF¯ γµtrGrµF − gF¯ γµ(PCCµ + PNCµ )F ], (4.1)
where the charged and neutral currents couple to the gauge bosons by
PCCµ =
∑
i=1,2,4,5,6,7,9,10,11,12,13,14
TiAiµ, (4.2)
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PNCµ =
∑
i=3,8,15
TiAiµ + tXXBµ + tNNCµ. (4.3)
Substituting the charged gauge bosons from (3.54), (3.55), and (3.56) into (4.2), we get
PCCµ =
1√
2
[(T1 + iT2)W
+
µ + (T4 − iT5)W q13µ + (T9 − iT10)W p14µ
+(T6 − iT7)W q+123µ + (T11 − iT12)W p+124µ + (T13 + iT14)W q−p34µ +H.c.]. (4.4)
The interactions of the charged gauge bosons with fermions are
−g
∑
F
F¯ γµPCCµ F = J
−µ
W W
+
µ + J
−qµ
W13
W q13µ + J
−pµ
W14
W p14µ
+J
−(q+1)µ
W23
W q+123µ + J
−(p+1)µ
W24
W p+124µ + J
−(q−p)µ
W34
W q−p34µ +H.c., (4.5)
where the corresponding charged currents are determined by
J−µW = −
g√
2
(ν¯aLγ
µeaL + u¯aLγ
µdaL), (4.6)
J−qµW13 = −
g√
2
(E¯aLγ
µνaL − d¯αLγµJαL + J¯3Lγµu3L), (4.7)
J−pµW14 = −
g√
2
(F¯aLγ
µνaL − d¯αLγµKαL + K¯3Lγµu3L), (4.8)
J
−(q+1)µ
W23
= − g√
2
(E¯aLγ
µeaL + u¯αLγ
µJαL + J¯3Lγ
µd3L), (4.9)
J
−(p+1)µ
W24
= − g√
2
(F¯aLγ
µeaL + u¯αLγ
µKαL + K¯3Lγ
µd3L), (4.10)
J
−(q−p)µ
W34
= − g√
2
(E¯aLγ
µFaL + K¯αLγ
µJαL + J¯3Lγ
µK3L). (4.11)
Substituting the neutral gauge bosons from (3.74) into (4.3), we obtain
PNCµ = sWQAµ +
1
cW
(T3 − s2WQ)Z1µ
+
 cϕ√1− β2t2W [T8 − β(Q− T3)t2W ]−
sϕ√
1 + γ2t2X
(T15 − γXt2X)
Z2µ
+
 sϕ√1− β2t2W [T8 − β(Q− T3)t2W ] +
cϕ√
1 + γ2t2X
(T15 − γXt2X)
Z3µ.(4.12)
Hence, the interactions of the neutral gauge bosons with fermions are given by
−g
∑
F
F¯ γµPNCµ F = −eQ(f)f¯γµfAµ
− g
2cW
{ν¯LγµνL + f¯γµ[gZ1V (f)− gZ1A (f)γ5]f}Z1µ
−g
2
{CZ2νL ν¯LγµνL + f¯γµ[gZ2V (f)− gZ2A (f)γ5]f}Z2µ
−g
2
{CZ3νL ν¯LγµνL + f¯γµ[gZ3V (f)− gZ3A (f)γ5]f}Z3µ, (4.13)
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where e = gsW and f indicates every charged fermion of the model.
The first term in (4.13) yields electromagnetic interactions, as usual. Concerning the
remaining interactions, for the neutrinos we have
CZ2νL =
cϕ(1 +
√
3βt2W )√
3
√
1− β2t2W
− sϕ[1 + γ(γ +
√
2β +
√
6)t2X ]√
6
√
1 + γ2t2X
, (4.14)
CZ3νL = C
Z2
νL
(cϕ → sϕ, sϕ → −cϕ). (4.15)
For the other fermions, the vector and axial-vector couplings can be obtained as
gZ1V (f) = T3(fL)− 2s2WQ(f), gZ1A (f) = T3(fL), (4.16)
gZ2V (f) =
cϕ
{
T8(fL)− β[2Q(f)− T3(fL)]t2W
}√
1− β2t2W
−sϕ
{
T15(fL)− γ[2Q(f)− T3(fL)− βT8(fL)− γT15(fL)]t2X
}√
1 + γ2t2X
, (4.17)
gZ2A (f) =
cϕ[T8(fL) + βT3(fL)t
2
W ]√
1− β2t2W
−sϕ
{
T15(fL) + γ[T3(fL) + βT8(fL) + γT15(fL)]t
2
X
}√
1 + γ2t2X
, (4.18)
gZ3V,A(f) = g
Z2
V,A(f)(cϕ → sϕ, sϕ → −cϕ). (4.19)
In Appendix C, we compute the couplings of Z1 with fermions as given in Table 5, which
are consistent with the standard model. Additionally, the couplings of Z2 with fermions
are derived as collected in Table 6. Here, it is noted that the couplings of Z3 with fermions
can be obtained from those of Z2 by replacing, cϕ → sϕ and sϕ → −cϕ, which need not
necessarily be determined.
4.2 Gauge interactions for scalars
The relevant interactions arise from
L ⊃
∑
S=η,ρ,χ,Ξ,φ
(DµS)†(DµS), (4.20)
where S = 〈S〉+ S′ takes the forms,
η =
(
1√
2
u 0 0 0
)T
+
(
1√
2
(cα2H1 + sα2H2 + isα2A) sα2H−1 Hq2 Hp3
)T
, (4.21)
ρ =
(
0 1√
2
v 0 0
)T
+
(
cα2H+1 1√2(sα2H1 − cα2H2 + icα2A) H
q+1
4 Hp+15
)T
,(4.22)
χ =
(
0 0 1√
2
w 0
)T
+
(
0 0 1√
2
(cα1H3 + sα1H4) cα3Hp−q6
)T
, (4.23)
Ξ =
(
0 0 0 1√
2
V
)T
+
(
0 0 sα3Hq−p6 1√2(−sα1H3 + cα1H4)
)T
, (4.24)
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with the vevs and physical states explicitly shown.
The Lagrangian is correspondingly expanded by
L ⊃ g[i(∂µS′)†(PCCµ S′) + i(∂µS′)†(PNCµ S′) + H.c.]
+g2[〈S〉†PCCµPCCµ S′ + 〈S〉†(PCCµPNCµ + PNCµPCCµ )S′ + 〈S〉†PNCµPNCµ S′ + H.c.]
+g2[S′†PCCµPCCµ S
′ + S′†(PCCµPNCµ + P
NCµPCCµ )S
′ + S′†PNCµPNCµ S
′]. (4.25)
In Appendix D, we calculate all the gauge boson and scalar interactions and express
the corresponding couplings from Table 7 to Table 18. There, the new labels are,
β1 ≡ 1− (1 + 2q)t
2
W√
1− β2t2W
, γ1 ≡
√
6 + 3γ(1− q − p)t2X
2
√
3
√
1 + γ2t2X
, (4.26)
β2 ≡ 1 + (1 + 2q)t
2
W√
1− β2t2W
, γ2 ≡
√
6− 3γ(3 + q + p)t2X
2
√
3
√
1 + γ2t2X
, (4.27)
which differ from those in the electric charge operator, without confusion.
5 Multicomponent dark matter phenomenology
We consider the model with q = p = 0. In this case, the neutral particles that transform
nontrivially under the multiple matter parity P = Pn ⊗ Pm are E0a, F 0a , H02, H03, H06,
W 013, W 014, and W 034, as explicitly shown in Table 4. We divide into three possibilities of
two-component dark matter existence.
5.1 Scenario with two-fermion dark matter
We assume that E (one of three particles E0a) and F (one of three particles F 0a ), which are
singly-wrong particles according to the separately conserved single parities Pn and Pm, are
the lightest particles within the classes of singly-wrong particles of the same kind (Ea,H2,
W13) and (Fa,H3, W14), respectively. Note that E and F are only coupled via the new
gauge boson W34 and new Higgs scalar H6, due to the gauge and Pn,m invariances. We
further assume that the net mass of E and F is smaller than each mass of W34 and H6.
Hence, they are stable and can play the role of two-component dark matter candidates.
The dominant channels of the dark matter pair annihilation into the standard model
particles are given by
EEc → ννc, l−l+, qqc, Z1H1, (5.1)
FF c → ννc, l−l+, qqc, Z1H1, (5.2)
In addition, there is the conversion between dark matter, which plays the key role in the
multicomponent dark matter scenario, in which the heavier dark matter component would
annihilate into the lighter one. In this sense, there adds the annihilation process either
EEc → FF c if mE > mF , (5.3)
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or
FF c → EEc if mF > mE . (5.4)
The relevant Feynman diagrams which describe the dark matter pair annihilation into
the standard model particles and the conversion between dark matter components are
given in Figures 1 and 2, respectively. Hereafter, note that ZN is superheavy, hence not
contributing to the dark matter observables.
E(F )
Ec(F c)
Z2, Z3
ν, l−, να, l−α , q, Z1
νc, l+, νcα, l
+
α , q
c, H1
E(F ) ν, l−
W13,W23(W14,W24)
Ec(F c) νc, l+
Figure 1. Dominant contributions to annihilation of the two-component fermion dark matter into
standard model particles.
E(F )
Ec(F c)
Z2, Z3
F (E)
F c(Ec)
E(F ) F (E)
W34
Ec(F c) F c(Ec)
Figure 2. Conversion between fermion dark matter components.
We compute the dark matter relic abundance due to the thermal freeze-out of two dark
matter components E and F . The dark matter relic abundance is obtained by solving the
coupled Boltzmann equations (BEQs), which govern the evolution of YE(F ) ≡ nE(F )s with
nE(F ) referring to the number density of the dark matter component E(F ) and s to be the
entropy density, given by
dYE
dx
= −0.264MPl√g∗ µ
x2
{
〈σv〉EEc→SMSM
[
Y 2E −
(
Y EQE
)2]
+〈σv〉EEc→FF c
Y 2E −
(
Y EQE
Y EQF
)2
Y 2F
Θ(mE −mF )
−〈σv〉FF c→EEc
Y 2F −
(
Y EQF
Y EQE
)2
Y 2E
Θ(mF −mE)
 , (5.5)
dYF
dx
= −0.264MPl√g∗ µ
x2
{
〈σv〉FF c→SMSM
[
Y 2F −
(
Y EQF
)2]
+〈σv〉FF c→EEc
Y 2F −
(
Y EQF
Y EQE
)2
Y 2E
Θ(mF −mE)
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−〈σv〉EEc→FF c
Y 2E −
(
Y EQE
Y EQF
)2
Y 2F
Θ(mE −mF )
 , (5.6)
where MPl = 1.22 × 1019 GeV, g∗ = 106.75 is the effective total number of degrees of
freedom, µ = mEmFmE+mF , and
Y EQE(F ) = 0.145
g
g∗
(
mE(F )
µ
)3/2
x3/2e
−xmE(F )
µ , (5.7)
with g = 2 being the number of degrees of freedom for dark matter components.
In equations (5.5) and (5.6), the thermal average annihilation cross-section times the
relative velocity for the dark matter components is given in the non-relativistic approxima-
tion at the leading order as
〈σv〉EEc→SMSM = g
4m2E
pi
{[
1
(m2E +m
2
W13
)2
−
∑
i
gZiV (E)[g
Zi
V (νL) + g
Zi
A (νL)]
4(m2E +m
2
W13
)(4m2E −m2Zi)
+ (mW13 ↔ mW23 , νL ↔ e)] +
∑
i,j
gZiZ1H1gZjZ1H1
64g2m2Z1
×
[
gZiV (E)g
Zj
V (E) + g
Zi
A (E)g
Zj
A (E)
] (4m2E −m2Zi)−1
4m2E −m2Zj
+
∑
f,i,j
NC(f)
gZiV (E)g
Zj
V (E)[g
Zi
V (f)g
Zj
V (f) + g
Zi
A (f)g
Zj
A (f)]
16(4m2E −m2Zi)(4m2E −m2Zj )
 , (5.8)
〈σv〉EEc→FF c =
g4
√
m2E −m2F
2pimE
{
2m2E −m2F
(m2E −m2F +m2W34)2
−
∑
i
(4m2E −m2Zi)−1
4(m2E −m2F +m2W34)
×
[
2m2Eg
Zi
V (E)[g
Zi
V (F ) + g
Zi
A (F )]−m2F gZiV (E)[gZiV (F )− gZiA (F )]
+m2F g
Zi
A (F )[g
Zi
V (E)− gZiA (E)]
]
+
∑
i,j
(4m2E −m2Zj )−1
16(4m2E −m2Zi)
×
[
2m2Eg
Zi
V (E)g
Zj
V (E)[g
Zi
V (F )g
Zj
V (F ) + g
Zi
A (F )g
Zj
A (F )]
+m2F g
Zi
V (E)g
Zj
V (E)[g
Zi
V (F )g
Zj
V (F )− gZiA (F )g
Zj
A (F )]
−m2F gZiA (F )g
Zj
A (F )[g
Zi
V (E)g
Zj
V (E)− gZiA (E)g
Zj
A (E)]
]}
, (5.9)
〈σv〉FF c→SMSM = 〈σv〉EEc→SMSM (E ↔ F,mW13 ↔ mW14 ,mW23 ↔ mW24) , (5.10)
〈σv〉FF c→EEc = 〈σv〉EEc→FF c (E ↔ F ) , (5.11)
where i, j = 2, 3, and f refers to every fermion of the standard model. Above, we have
assumed that the masses of the new gauge bosons are much larger than the masses of the
standard model fermions.
By solving numerically these equations with the following boundary condition
YE(1) = Y
EQ
E (1), (5.12)
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YF (1) = Y
EQ
F (1), (5.13)
corresponding to that the dark matter species are in equilibrium with the thermal bath at
start, one can obtain the individual relic abundance of each dark matter component as
ΩEh
2 = 2.752
mE
GeV
YE(x∞)× 108, (5.14)
ΩFh
2 = 2.752
mF
GeV
YF (x∞)× 108, (5.15)
where x∞ refers to a very large value of x after the thermal freeze-out. In particular,
when the production of the lighter dark matter component from the heavier dark matter
component is less significant compared to its annihilation to the standard model particles,
an approximate analytic solution of BEQs is given by [72]
ΩEh
2 =
1.07× 109xE√
g∗MPl〈σv〉TE
GeV−1, (5.16)
ΩFh
2 =
1.07× 109xF√
g∗MPl〈σv〉TF
GeV−1, (5.17)
where xE = mE/TE , xF = mF /TF , and
〈σv〉TE = 〈σv〉EEc→SMSM + 〈σv〉EEc→FF c , (5.18)
〈σv〉TF = 〈σv〉FF c→SMSM, (5.19)
for the case mE > mF , or
〈σv〉TE = 〈σv〉EEc→SMSM, (5.20)
〈σv〉TF = 〈σv〉FF c→SMSM + 〈σv〉FF c→EEc , (5.21)
for the opposite case mE < mF . The dark matter relic abundance is a sum of the individual
contributions as
ΩDMh
2 = ΩEh
2 + ΩFh
2. (5.22)
mE + mF < mW34Ωh2 < 0.12
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Figure 3. The total relic density contoured as a function of (mE ,mF ), where the dark matter
stable regime is also included, according to the several choices of w, V .
For numerical investigation, we use the following parameter values throughout this
work, u = v ' 174 GeV, s2W ' 0.231, g =
√
4piα/sW , mZ1 = 91.187 GeV. Additionally,
the atomic numbers of Xenon are Z = 54 and A = 131.
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Let us investigate the case that the total relic density (5.22) varies as a function of
dark matter masses (mE ,mF ) for mE + mF < mW34 , satisfying the experimental bound
ΩDMh
2 < 0.12 [5]. In Figure 3, we show the viable dark matter mass regime as the
overlap of the two colored regions according to the relic density and the stability condition,
respectively. Note that the condition for mE +mF < mH6 is easily evaded by imposing an
appropriate λ16 value, which is not taken into account. Moreover, the selections of the new
physics scales w, V always satisfy the constraints from the ρ-parameter, Zf¯f couplings,
FCNCs, and collider bounds, as studied in [44].
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Figure 4. The total relic density of two-component fermion dark matter as a function of dark
matter masses for the case mF > mE .
To see the physical effect of each dark matter component that contributes to the relic
abundance, in Figure 4 we depict the total relic density as a function of mF for several
choices of w, V and mE as related to mF , which are viable from the above contours. Typ-
ically, we determine four resonances in each density curve, corresponding to mF =
mZ2
2 ,
mF =
mZ3
2 , and the two others given by mE =
mZ2
2 and mE =
mZ3
2 , which are translated
to mF as located at mF = mFmE
mZ2
2 and mF =
mF
mE
mZ3
2 , respectively. It is noted that we
always have mZ3 > mZ2 for the mediators and the details of the resonances can be seen
in the next figure. Further, due to the contributions of both E and F , the total density
does not vanish at the resonances. In this case, the viable dark matter mass regime is given
below the correct abundance Ωh2 < 0.12 and before the dark matter unstable regime (red)
according to mE +mF > mW34 .
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Figure 5. The contribution ratio of fermion dark matter components to the density as a function
of dark matter masses for the case mF > mE .
Correspondingly, in Figure 5 we make a comparison between the partial relic densities
of dark matter components with the choices of the new physics scales w, V and mE via mF ,
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as mentioned. It is noteworthy that the region above the line ΩF /Ω = 0.5, the candidate
F dominantly contributes to the density, and the two peaks at which are due to the mE
resonances. Whereas, below the line ΩF /Ω = 0.5, E dominates the density, where the two
resonances correspond to the mF ones. The dark matter unstable region (red) according
to mE +mF > mW34 is also included for completion.
The above analysis is relevant to mF > mE . It is noted that the dark matter phe-
nomenologies happen similarly to the case with mF < mE , thus to the whole dark matter
mass regime which is viable from Figure 3.
We study the direct detection for the dark matter components in our model through
their spin-independent (SI) scattering on nuclei. First, let us write the effective Lagrangian
describing dark matter–nucleon interaction at the fundamental level through the exchange
of the new neutral gauge bosons Z2,3 as
LeffE =
∑
i=2,3
g2
4m2Zi
E¯γµ
[
gZiV (E)− gZiA (E)γ5
]
Eq¯γµ
[
gZiV (q)− gZiA (q)γ5
]
q, (5.23)
LeffF = LeffE (E ↔ F ) . (5.24)
From this effective Lagrangian, one can obtain the SI cross-section for the scattering
of the dark matter components on a target nucleus N as
σSIEN =
∑
i=2,3
g4m2EN
16pim4Zi
∣∣∣gZiV (E)gZiV (u)(Z +A) + gZiV (E)gZiV (d)(2A− Z)∣∣∣2, (5.25)
σSIFN = σ
SI
EN (E ↔ F ) , (5.26)
where mEN = mEmNmE+mN ' mN is the dark matter–nucleon reduced mass, Z and A are
the atomic number and atomic mass of the nucleus N , respectively. However, in the two-
component dark matter scenario, the SI cross-section for each dark matter component is
calculated as follows
σSIeff(E) =
ΩEh
2
ΩDMh2
σSIEN , (5.27)
σSIeff(F ) =
ΩFh
2
ΩDMh2
σSIFN . (5.28)
Supposing that the two-component dark matter obtains the correct total density, in
Figure 6 we plot the SI cross-sections of dark matter components corresponding to the
above choices of (w, V ) parameters, respectively. Here in each limit curve, we explicitly
show which part the case mF > mE (blue) and vice versa the opposite case mF < mE
(red) take place. The experimental bounds [52, 53] are also included. That said, the dark
matter masses that have been obtained from the relic density and the stable condition also
satisfy the direct detection if (w, V ) = (8, 9) TeV and higher. Correspondingly, both mE
and mF should be above 1 TeV.
5.2 Scenario with two-scalar dark matter
We consider the second case where two-component dark matter contains the scalar particles
H2 and H3. Here we assume that they are the lightest particles within the classes of singly-
wrong particles of the same kind as mentioned, respectively, and they have a net mass
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Figure 6. The spin-independent dark matter-nucleon scattering cross-section limits as a function
of dark matter masses according to (w, V ) = (5, 6), (8,9), and (11,12) TeV, assuming the correct
abundance ΩDMh2 = 0.12.
smaller than those of W34 and H6. The dark matter pair annihilation into the standard
model particles are given by the following dominant channels
H2H2 → H1H1, ttc,W+W−, Z1Z1, (5.29)
H3H3 → H1H1, ttc,W+W−, Z1Z1, (5.30)
as presented in Figure 7, while the dark matter conversions are given in Figure 8.
The thermal average annihilation cross-section times the relative velocity for the scalar
dark matter components is approximately given by
〈σv〉H2H2→SMSM = 〈σv〉H2H2→H1H1 + 〈σv〉H2H2→ttc
+〈σv〉H2H2→W+W− + 〈σv〉H2H2→Z1Z1 , (5.31)
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Figure 7. Dominant contributions to annihilation of the two-component scalar dark matter into
standard model particles.
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Figure 8. Conversion between two-component scalar dark matter.
〈σv〉H2H2→H3H3 =
√
m2H2 −m2H3
16pim3H2
[
λ1 +
(λ12ωcα3 + λ13V sα3)
2
m2H2 −m2H3 +m2H6
+
(λ6ωcα1 − λ7V sα1)2
4m2H2 −m2H3
+
(λ6ωsα1 + λ7V cα1)
2
4m2H2 −m2H4
]2
, (5.32)
〈σv〉H3H3→SMSM = 〈σv〉H2H2→SMSM (mH2 ↔ mH3) , (5.33)
〈σv〉H3H3→H2H2 = 〈σv〉H2H2→H3H3 (mH2 ↔ mH3) , (5.34)
where the remaining annihilation cross-sections are
〈σv〉H2H2→H1H1 =
1
16pim2H2
{
2λ1c
2
α2 + λ5s
2
α2
−
[
(λ6 + λ7)c
2
α2 + (λ7 + λ9)s
2
α2
4m2H2 −m2H3
×(ωcα1 − V sα1)(λ6ωcα1 − λ7V sα1)
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+ (mH3 ↔ mH4 , cα1 ↔ sα1 , sα1 ↔ −cα1)]}2 , (5.35)
〈σv〉H2H2→ttc =
3 [(2λ1cα2u+ λ5sα2v)mtcα2 ]
2
16piu2m4H2
, (5.36)
〈σv〉H2H2→W+W− =
(2λ1cα2u+ λ5sα2v)
2
8pi(u2 + v2)m2H2
, (5.37)
〈σv〉H2H2→Z1Z1 =
(2λ1cα2u+ λ5sα2v)
2
16pi(u2 + v2)m2H2
. (5.38)
Above, the annihilation (5.32) happens for mH2 > mH3 , whereas the annihilation (5.34)
exists for mH3 > mH2 .
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Figure 9. The total relic density contoured as a function of (mH2 ,mH3), where the dark matter
stable regime is also included, according to the several choices of w, V .
For numerical computation, we take the following values of parameters into account,
mt ' 173.1 GeV, mH1 ' 125.3 GeV,
λ1 = 0.1, λ3,4,9,16 = 0.6, λ5 = −0.15, λ6,10 = 0.5, λ7 = 0.7, (5.39)
throughout this section.
Corresponding to each choice of (w, V ), we make a contour of the total relic density
ΩDMh
2 < 0.12 due to the contributions of both scalar dark matter candidates to be a
function of their masses as in Figure 9, where the regions constrained by the dark matter
stable conditions mH2 + mH3 < mH6 and mH2 + mH3 < mW34 are also indicated. The
viable dark matter mass regime is the overlap of the three regions corresponding to the
relic density and the stable conditions.
To examine the contribution effects of each scalar dark matter component, we consider
the case mH3 > mH2 . The total relic density is depicted in Figure 10 as a function of mH3
for different selections of mH2 and w, V , which are viable from the above contours. Each
density curve contains four resonances, set by the new neutral Higgs bosons H3,4, at which
mH3 =
mH3
2 , mH3 =
mH4
2 , and the two others at mH3 = (mH3/mH2)
mH3
2 and mH3 =
(mH3/mH2)
mH4
2 , which result from the H2 resonances, mH2 = 12mH3 and mH2 = 12mH4 ,
respectively. The viable mass regime is given below the correct abundance and before the
dark matter unstable regime. The density resonance phenomena happen analogously to
the case of two-fermion dark matter, but it is now played by the new Higgs portal H3,4
instead. Additionally, since the scalar dark matter masses are proportional to w, V beyond
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Figure 10. The relic density of two-component scalar dark matter as a function of dark matter
masses for the case mH3 > mH2 , where the dark matter unstable regime (red) is also included.
the electroweak scale, the standard model Higgs portal H1 negligibly contributes to the
relic density. Furthermore, the new Higgs portal H2 gives negligible contributions because
it weakly couples to the dark matter components.
One can consider the total relic density for the case mH2 > mH3 as a function of mH2
with the several values of w, V and H2,3 mass relation. The process happens analogous to
the case mH2 > mH3 . Hence, the common remark for both cases is that the correct density
and stability condition require the scalar dark matter masses to be not too large, limited
below several TeVs. Additionally, some H3,4 resonances at the high mass region are already
excluded by the stability condition.
The effective Lagrangian describing dark matter–nucleon interaction in the limit of
zero-momentum transfer through the exchange of the Higgs boson H1 is given as
LeffH2 =
Cqmq
m2H1
H2H2q¯q,
LeffH3 = LeffH2 (H2 ↔ H3) , (5.40)
where
Cu = Cc = Cb =
2
√
2sα2
v
(2λ1cα2u+ λ5sα2v),
Cd = Cs = Ct =
2
√
2cα2
u
(2λ1cα2u+ λ5sα2v). (5.41)
Note that H2,3,4 give smaller contributions, as neglected.
Then, the SI cross-section for the scattering of each dark matter component on a target
nucleus N is expressed as
σSIeff(H2) =
ΩH2h2
ΩDMh2
σSIH2N , (5.42)
σSIeff(H3) =
ΩH3h2
ΩDMh2
σSIH3N , (5.43)
where σSIH2(3)N is given by
σSIH2(3)N =
(
2mH2(3)N
m2H1
mp
mH2(3)
CN
)2
, (5.44)
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with mH2(3)N =
mH2(3)mN
mH2(3)+mN
' mN to be the dark matter–nucleon reduced mass, and the
nucleus factor CN is given by
CN =
2
27
∑
q=c,b,t
ACqf
p
Tg +
∑
q=u,d,s
Cq[Zf
p
Tq + (A− Z)fnTq], (5.45)
with
f
p(n)
Tu ≈ 0.020(0.014), fp(n)Td ≈ 0.026(0.036),
f
p(n)
Ts ≈ 0.118(0.118), fpTg = 1−
∑
q=u,d,s
fpTq. (5.46)
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Figure 11. The spin-independent dark matter-nucleon scattering cross-section limits as a function
of dark matter masses according to each choice of w, V and mH2,3 relation, where the dark matter
unstable regime is input as red.
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According to the above choices of w, V and the dark matter mass relations, we plot the
SI dark matter nucleon scattering cross-section as the function of the corresponding dark
matter mass, where the experimental bounds [52, 53] are included. The general remark
is that the scalar dark matter masses below around 700 GeV are excluded by the direct
detection experiment. Additionally, they with a low mass give small contributions to the
abundance as seen from Figure 10.
5.3 Scenario with a fermion and a scalar dark matter
In this case we consider E and H3 to be two-component dark matter candidates, without
loss of generality. Their annihilation cross-sections to the standard model particles have
been obtained above. Let us examine the fermion and scalar dark matter conversion, as
given by the diagram in Figure 12
E
Ec
H3, H4
H3
H3
Figure 12. Conversion between fermion and scalar dark matter components.
The thermal average annihilation cross-section times the relative velocity for the dark
matter–dark matter conservation is obtained in the non-relativistic approximation at the
leading order as
〈σv〉EEc→H3H3 ' 0, (5.47)
〈σv〉H3H3→EEc '
m2E
piw2m2H3
√
1− m
2
E
m2H3
(m2H3 −m2E)
×
[
cα1(λ6wcα1 − λ7V sα1)
4m2H3 −m2H3
+
sα1(λ6wsα1 + λ7V cα1)
4m2H3 −m2H4
]2
. (5.48)
mE + mℋ3 < mℋ6mE + mℋ3 < mW34
Ωh2 < 0.12
0 2000 4000 6000 8000 10000
0
500
1000
1500
2000
2500
3000
3500
4000
mE [GeV]
m
ℋ 3[G
eV
]
w = 5 TeV, V = 6 TeV
mE + mℋ3 < mℋ6mE + mℋ3 < mW34
Ωh2 < 0.12
0 1000 2000 3000 4000 5000 6000
0
1000
2000
3000
4000
5000
mE [GeV]
m
ℋ 3[G
eV
]
w = 8 TeV, V = 9 TeV
mE + mℋ3 < mℋ6mE + mℋ3 < mW34
Ωh2 < 0.12
0 1000 2000 3000 4000 5000 6000
0
1000
2000
3000
4000
5000
6000
mE [GeV]
m
ℋ 3[G
eV
]
w = 11 TeV, V = 12 TeV
Figure 13. The total abundance contoured as the function of fermion and scalar dark matter
masses, where the dark matter stable regimes are also shown, according to each choice of w, V .
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For numerical calculation, we use the following parameter values,
λ1 = 0.1, λ3,4,6,7,9,10 = 0.3, λ5 = −0.19, (5.49)
throughout this section. Note that some of them differ from the two-scalar dark matter
section since the three cases of two-component dark matter are alternative.
We contour the total relic density as the function of dark matter masses as well as
imposing the dark matter stable conditions as displayed in Figure 13, corresponding to the
fixed values of the new physics scale w, V .
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Figure 14. The total relic density of fermion and scalar dark matter as the function of the fermion
dark matter mass corresponding to the mE ,mH3 relations and w, V choices.
From the density contours according to each pair value of w, V , we select the viable
dark matter mass relations and plot the total relic density to see the contribution effect of
each dark matter component and the direct detection cross-section, which are all given as
the functions of a dark matter mass, presented in Figures 14 and 15, respectively. Here, the
dark matter unstable regimes are shown and note that the resonances that are presented in
the excluded regimes are omitted. Typically, we obtain the resonance phenomena similar to
the two cases above, two resonances for the fermion candidate set by the new gauge portal
and other two for the scalar candidate set by the new Higgs portal. With the selection
of parameters, in these cases, the resonances are important to govern the mark matter
observables. The viable dark matter masses are around one to a few TeV.
6 Conclusion
We have shown that a gauge theory that includes a higher weak isospin symmetry SU(P )L
must possess a complete gauge symmetry of the form SU(3)C ⊗SU(P )L⊗U(1)X ⊗U(1)N ,
where the last two Abelian groups define the electric charge and baryon-minus-lepton
charge, respectively. The last charges are unified with the weak charge in the same manner
as the electroweak theory. Additionally, the neutrino masses are appropriately induced by
the gauge symmetry breaking, supplied in terms of a canonical seesaw mechanism.
The multiple matter parity P =
⊗P−2
k=1 Pk, where each Pk is a Z2, is obtained as
a residual gauge symmetry. This parity makes P − 2 wrong particles stable, providing
multicomponent dark matter candidates. The noncommutation of B − L with SU(P )L
yields that the dark matter candidates are nontrivially unified with normal matter in gauge
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Figure 15. Direct detection cross-sections of fermion and scalar dark matter components plotted
as the function of the corresponding dark matter mass according to the choices of the dark matter
mass relations and w, V .
multiplets; in other words, multicomponent dark matter is required to complete the SU(P )L
representations enlarged from the standard model. Therefore, the gauge interactions would
govern the dark matter observables.
The minimal multicomponent dark matter model corresponds to P = 4, the so-called
3-4-1-1 model. In this case, we have fully diagonalized the scalar and gauge sectors and
identified two-component dark matter schemes according to the multiple matter parity
P = Pn ⊗ Pm. All the interactions of fermions and scalars with gauge bosons have been
obtained. The 3-4-1-1 model with q = p = 0 obeys three possibilities of two-component
dark matter, including two fermions (E,F ), two scalars (H2,3), and a fermion and a scalar
e.g. (E,H3) candidates, respectively. We have shown the viable parameter space for each
scenario/possibility satisfying the relic density and direct detection. Typically, the dark
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matter masses are obtained in TeV regime. Additionally, there are four resonances in relic
density set by the new neutral gauge Z2,3 or the new neutral Higgs H3,4 portals.
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A Anomaly cancelation
The nontrivial anomalies include
[SU(3)C ]
2U(1)X , [SU(3)C ]
2U(1)N , [SU(P )L]
2U(1)X ,
[SU(P )L]
2U(1)N , [Gravity]
2U(1)X , [Gravity]
2U(1)N , (A.1)
[U(1)X ]
2U(1)N , U(1)X [U(1)N ]
2, [U(1)X ]
3, [U(1)N ]
3.
Let us compute each of them,
[SU(3)C ]
2U(1)X ∼
∑
quarks
(XqL −XqR)
= 2PXQα + PXQ3 − 3Xua − 3Xda − 2
P−2∑
k=1
XJkα −
P−2∑
k=1
XJk3
= 2P
(−1
3
+
1− q
P
)
+ P
(
2
3
+
q − 1
P
)
− 3× 2
3
− 3× −1
3
−2
P−2∑
k=1
(
−qk − 1
3
)
−
P−2∑
k=1
(
qk +
2
3
)
=
P−2∑
k=1
qk − q = 0. (A.2)
[SU(3)C ]
2U(1)N ∼
∑
quarks
(NqL −NqR)
= 2PNQα + PNQ3 − 3Nua − 3Nda − 2
P−2∑
k=1
NJkα −
P−2∑
k=1
NJk3
= 2P
(−2
3
+
2− n
P
)
+ P
(
4
3
+
n− 2
P
)
− 3× 1
3
− 3× 1
3
−2
P−2∑
k=1
(
−nk − 2
3
)
−
P−2∑
k=1
(
nk +
4
3
)
=
P−2∑
k=1
nk − n = 0. (A.3)
[SU(P )L]
2U(1)X ∼
∑
(anti)P−plets
XFL = 3Xψa + 6XQα + 3XQ3
= 3× q − 1
P
+ 6
(−1
3
+
1− q
P
)
+ 3
(
2
3
+
q − 1
P
)
= 0. (A.4)
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[SU(P )L]
2U(1)N ∼
∑
(anti)P−plets
NFL = 3Nψa + 6NQα + 3NQ3
= 3× n− 2
P
+ 6
(−2
3
+
2− n
P
)
+ 3
(
4
3
+
n− 2
P
)
= 0. (A.5)
[Gravity]2U(1)X ∼
∑
fermions
(XfL −XfR) = 3PXψa + 6PXQα + 3PXQ3
−3Xνa − 3Xea − 3
P−2∑
k=1
XEka − 9Xua − 9Xda − 6
P−2∑
k=1
XJkα − 3
P−2∑
k=1
XJk3
= 3P × q − 1
P
+ 6P
(−1
3
+
1− q
P
)
+ 3P
(
2
3
+
q − 1
P
)
− 3× 0− 3(−1)
−3
P−2∑
k=1
qk − 9× 2
3
− 9× −1
3
− 6
P−2∑
k=1
(
−qk − 1
3
)
− 3
P−2∑
k=1
(
qk +
2
3
)
= 0. (A.6)
[Gravity]2U(1)N ∼
∑
fermions
(NfL −NfR) = 3PNψa + 6PNQα + 3PNQ3
−3Nνa − 3Nea − 3
P−2∑
k=1
NEka − 9Nua − 9Nda − 6
P−2∑
k=1
NJkα − 3
P−2∑
k=1
NJk3
= 3P × n− 2
P
+ 6P
(−2
3
+
2− n
P
)
+ 3P
(
4
3
+
n− 2
P
)
− 3(−1)− 3(−1)
−3
P−2∑
k=1
nk − 9× 1
3
− 9× 1
3
− 6
P−2∑
k=1
(
−nk − 2
3
)
− 3
P−2∑
k=1
(
nk +
4
3
)
= 0. (A.7)
[U(1)X ]
2U(1)N =
∑
fermions
(X2fLNfL −X2fRNfR) = 3PX2ψaNψa + 6PX2QαNQα + 3PX2Q3NQ3
−3X2νaNνa − 3X2eaNea − 3
P−2∑
k=1
X2EkaNEka − 9X2uaNua − 9X2daNda
−6
P−2∑
k=1
X2JkαNJkα − 3
P−2∑
k=1
X2Jk3NJk3
= 3P
(
q − 1
P
)2(n− 2
P
)
+ 6P
(−1
3
+
1− q
P
)2(−2
3
+
2− n
P
)
+3P
(
2
3
+
q − 1
P
)2(4
3
+
n− 2
P
)
− 3× 02(−1)− 3(−1)2(−1)
−3
P−2∑
k=1
q2knk − 9
(
2
3
)2(1
3
)
− 9
(−1
3
)2(1
3
)
−6
P−2∑
k=1
(
−qk − 1
3
)2(
−nk − 2
3
)
− 3
P−2∑
k=1
(
qk +
2
3
)2(
nk +
4
3
)
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=
2
3
(n+ 4q)− 2
3
P−2∑
k=1
(nk + 4qk) = 0. (A.8)
[U(1)X ]U(1)
2
N =
∑
fermions
(XfLN
2
fL
−XfRN2fR) = 3PXψaN2ψa + 6PXQαN2Qα + 3PXQ3N2Q3
−3XνaN2νa − 3XeaN2ea − 3
P−2∑
k=1
XEkaN
2
Eka
− 9XuaN2ua − 9XdaN2da
−6
P−2∑
k=1
XJkαN
2
Jkα
− 3
P−2∑
k=1
XJk3N
2
Jk3
= 3P
(
q − 1
P
)(
n− 2
P
)2
+ 6P
(−1
3
+
1− q
P
)(−2
3
+
2− n
P
)2
+3P
(
2
3
+
q − 1
P
)(
4
3
+
n− 2
P
)2
− 3× 0(−1)2 − 3(−1)(−1)2
−3
P−2∑
k=1
qkn
2
k − 9
(
2
3
)(
1
3
)2
− 9
(−1
3
)(
1
3
)2
−6
P−2∑
k=1
(
−qk − 1
3
)(
−nk − 2
3
)2
− 3
P−2∑
k=1
(
qk +
2
3
)(
nk +
4
3
)2
=
8
3
(n+ q)− 8
3
P−2∑
k=1
(nk + qk) = 0. (A.9)
[U(1)X ]
3 =
∑
fermions
(X3fL −X3fR) = 3PX3ψa + 6PX3Qα + 3PX3Q3 − 3X3νa − 3X3ea
−3
P−2∑
k=1
X3Eka − 9X3ua − 9X3da − 6
P−2∑
k=1
X3Jkα − 3
P−2∑
k=1
X3Jk3
= 3P
(
q − 1
P
)3
+ 6P
(−1
3
+
1− q
P
)3
+ 3P
(
2
3
+
q − 1
P
)3
− 3× 03 − 3(−1)3
−3
P−2∑
k=1
q3k − 9
(
2
3
)3
− 9
(−1
3
)3
− 6
P−2∑
k=1
(
−qk − 1
3
)3
− 3
P−2∑
k=1
(
qk +
2
3
)3
= 2q − 2
P−2∑
k=1
qk = 0. (A.10)
[U(1)N ]
3 =
∑
fermions
(N3fL −N3fR) = 3PN3ψa + 6PN3Qα + 3PN3Q3 − 3N3νa − 3N3ea
−3
P−2∑
k=1
N3Eka − 9N3ua − 9N3da − 6
P−2∑
k=1
N3Jkα − 3
P−2∑
k=1
N3Jk3
= 3P
(
n− 2
P
)3
+ 6P
(−2
3
+
2− n
P
)3
+ 3P
(
4
3
+
n− 2
P
)3
− 3(−1)3 − 3(−1)3
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−3
P−2∑
k=1
n3k − 9
(
1
3
)3
− 9
(
1
3
)3
− 6
P−2∑
k=1
(
−nk − 2
3
)3
− 3
P−2∑
k=1
(
nk +
4
3
)3
= 8n− 8
P−2∑
k=1
nk = 0. (A.11)
Hence, all the anomalies are cancelled, independent of P and the U(1)’s charge param-
eters. Additionally, the anomalies (A.7), (A.8), (A.9), and (A.11) relevant to U(1)N vanish
with the presence of the right-handed neutrinos.
B Fermion mass
The Yukawa Lagrangian is given by
L ⊃ 1
2
fνabν¯
c
aRφνbR + h
ν
abψ¯aLϕ1νbR + h
e
abψ¯aLϕ2ebR +
P−2∑
k=1
xkabψ¯aLϕk+2EkbR
+hu3bQ¯3Lϕ1ubR + h
d
3bQ¯3Lϕ2dbR +
P−2∑
k=1
yk33Q¯3Lϕk+2Jk3R
+hdαbQ¯αLϕ
∗
1dbR + h
u
αbQ¯αLϕ
∗
2ubR +
P−2∑
k=1
ykαβQ¯αLϕ
∗
k+2JkβR
+H.c., (B.1)
where ϕ1,2,3,...,P are P scalar P -plets given in two equations (2.27) and (2.28), respectively.
Substituting the vevs 〈φ〉 = Λ/√2 and 〈ϕi〉j = vjδij/
√
2 for i, j = 1, 2, 3, · · · , P as
mentioned in the body text, we obtain
[me]ab = −heab
v2√
2
, (B.2)
[mu]αb = h
u
αb
v2√
2
, [mu]3b = −hu3b
v1√
2
, (B.3)
[md]αb = −hdαb
v1√
2
, [md]3b = −hd3b
v2√
2
, (B.4)
[mEk ]ab = −xkab
vk+2√
2
, [mJk ]ab = −ykab
vk+2√
2
. (B.5)
Note that v1, v2 are proportional to the weak scale, since v21+v22 = (246 GeV)2. The ordinary
charged leptons and ordinary quarks get appropriate masses, similar to the standard model.
Moreover, Ek and Jk get large masses at v3,4,...,P scales in TeV.
The neutrino mass matrix takes the form,
L ⊃ −1
2
(ν¯aL ν¯
c
aR)
(
0 mab
mba Mab
)(
νcbL
νbR
)
+H.c., (B.6)
where mab = −hνabv1/
√
2 andMab = −fνabΛ/
√
2. Because of Λ v1, the seesaw mechanism
produces the observed neutrino (∼ νaL) masses
mν = −mM−1mT = hν(fν)−1(hν)T v
2
1√
2Λ
. (B.7)
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Whereas, the sterile neutrinos (∼ νaR) gain heavy masses at Λ scale.
C Vector and axial-vector couplings
This appendix is devoted to the neutral gauge boson couplings with fermions.
f gZ1V (f) g
Z1
A (f) f g
Z1
V (f) g
Z1
A (f)
ea −12 + 2s2W −12 Ea −2s2W q 0
Fa −2s2W p 0 ua 12 − 43s2W 12
da −12 + 23s2W −12 Jα 2s2W (q + 13) 0
J3 −2s2W (q + 23) 0 Kα 2s2W (p+ 13) 0
K3 −2s2W (p+ 23) 0 No data No data No data
Table 5. The couplings of Z1 with fermions.
f gZ2V (f) g
Z2
A (f)
ea
cϕ(1+3
√
3βt2W )
2
√
3
√
1−β2t2W
− sϕ[1+γ(γ+
√
2β+3
√
6)t2X ]
2
√
6
√
1+γ2t2X
cϕ(1−
√
3βt2W )
2
√
3
√
1−β2t2W
− sϕ[1+γ(γ+
√
2β−√6)t2X ]
2
√
6
√
1+γ2t2X
Ea − cϕ(1+2
√
3qβt2W )√
3
√
1−β2t2W
− sϕ[1+γ(γ−2
√
2β−4√6q)t2X ]
2
√
6
√
1+γ2t2X
− cϕ√
3
√
1−β2t2W
− sϕ[1+γ(γ−2
√
2β)t2X ]
2
√
6
√
1+γ2t2X
Fa − cϕ2pβt
2
W√
1−β2t2W
+
sϕ[
√
6+γ(
√
6γ+8p)t2X ]
4
√
1+γ2t2X
sϕ
√
3
√
1+γ2t2X
2
√
2
uα − cϕ(
√
3+5βt2W )
6
√
1−β2t2W
+
sϕ[
√
6+γ(
√
6γ+2
√
3β+10)t2X ]
12
√
1+γ2t2X
− cϕ(1−
√
3βt2W )
2
√
3
√
1−β2t2W
+
sϕ[1+γ(γ+
√
2β−√6)t2X ]
2
√
6
√
1+γ2t2X
u3
cϕ(
√
3−5βt2W )
6
√
1−β2t2W
− sϕ[
√
6+γ(
√
6γ+2
√
3β−10)t2X ]
12
√
1+γ2t2X
cϕ(1+
√
3βt2W )
2
√
3
√
1−β2t2W
− sϕ[1+γ(γ+
√
2β+
√
6)t2X ]
2
√
6
√
1+γ2t2X
dα − cϕ(
√
3−βt2W )
6
√
1−β2t2W
+
sϕ[
√
6+γ(
√
6γ+2
√
3β−2)t2X ]
12
√
1+γ2t2X
− cϕ(1+
√
3βt2W )
2
√
3
√
1−β2t2W
+
sϕ[1+γ(γ+
√
2β+
√
6)t2X ]
2
√
6
√
1+γ2t2X
d3
cϕ(
√
3+βt2W )
6
√
1−β2t2W
− sϕ[
√
6+γ(
√
6γ+2
√
3β+2)t2X ]
12
√
1+γ2t2X
cϕ(1−
√
3βt2W )
2
√
3
√
1−β2t2W
− sϕ[1+γ(γ+
√
2β−√6)t2X ]
2
√
6
√
1+γ2t2X
Jα
cϕ[
√
3−β(1+3√3β)t2W ]
3
√
1−β2t2W
+
sϕ[
√
6+γ(
√
6γ+8
√
3β+4)t2X ]
12
√
1+γ2t2X
cϕ√
3
√
1−β2t2W
+
sϕ[1+γ(γ−2
√
2β)t2X ]
2
√
6
√
1+γ2t2X
J3 − cϕ[
√
3+β(1−3√3β)t2W ]
3
√
1−β2t2W
− sϕ[
√
6+γ(
√
6γ+8
√
3β−4)t2X ]
12
√
1+γ2t2X
− cϕ√
3
√
1−β2t2W
− sϕ[1+γ(γ−2
√
2β)t2X ]
2
√
6
√
1+γ2t2X
Kα
cϕ2(1+3p)βt2W
3
√
1−β2t2W
− sϕ[3
√
6+γ(3
√
6γ+24p+8)t2X ]
12
√
1+γ2t2X
− sϕ
√
3
√
1+γ2t2X
2
√
2
K3 − cϕ2(2+3p)βt
2
W
3
√
1−β2t2W
+
sϕ[3
√
6+γ(3
√
6γ+24p+16)t2X ]
12
√
1+γ2t2X
sϕ
√
3
√
1+γ2t2X
2
√
2
Table 6. The couplings of Z2 with fermions.
D The gauge couplings of scalars
This appendix is devoted to all the gauge boson and scalar couplings.
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Vertex Coupling Vertex Coupling
W+µ H−1
←→
∂ µA 12g W+µ H−1
←→
∂ µH2
i
2g
W q13µH−q2
←→
∂ µH1 − i2gcα2 W q13µH−q2
←→
∂ µH2 − i2gsα2
W q13µH−q2
←→
∂ µA 12gsα2 W q13µH−q−14
←→
∂ µH+1 − i√2gcα2
W p14µH−p3
←→
∂ µH1 − i2gcα2 W p14µH−p3
←→
∂ µH2 − i2gsα2
W p14µH−p3
←→
∂ µA 12gsα2 W p14µH−p−15
←→
∂ µH+1 − i√2gcα2
W q+123µ H−q−14
←→
∂ µH1 − i2gsα2 W q+123µ H−q−14
←→
∂ µH2
i
2gcα2
W q+123µ H−q−14
←→
∂ µA 12gcα2 W q+123µ H−q2
←→
∂ µH−1 − i√2gsα2
W p+124µ H−p−15
←→
∂ µH1 − i2gsα2 W p+124µ H−p−15
←→
∂ µH2
i
2gcα2
W p+124µ H−p−15
←→
∂ µA 12gcα2 W p+124µ H−p3
←→
∂ µH−1 − i√2gsα2
W q−p34µ Hp−q6
←→
∂ µH3
i
2gc(α1−α3) W
q−p
34µ Hp−q6
←→
∂ µH4
i
2gs(α1−α3)
W q−p34µ Hp3
←→
∂ µH−q2 i√2g W
q−p
34µ Hp+15
←→
∂ µH−q−14 i√2g
Table 7. The interactions of a charged gauge boson with two scalars.
References
[1] T. Kajita, Nobel Lecture: Discovery of atmospheric neutrino oscillations, Rev. Mod. Phys.
88 (2016) 030501.
[2] A. B. McDonald, Nobel Lecture: The Sudbury Neutrino Observatory: Observation of flavor
change for solar neutrinos, Rev. Mod. Phys. 88 (2016) 030502.
[3] Particle Data Group collaboration, Review of Particle Physics, Phys. Rev. D98 (2018)
030001.
[4] WMAP collaboration, Nine-Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Cosmological Parameter Results, Astrophys. J. Suppl. 208 (2013) 19
[1212.5226].
[5] Planck collaboration, Planck 2015 results. XIII. Cosmological parameters, Astron.
Astrophys. 594 (2016) A13 [1502.01589].
[6] G. Jungman, M. Kamionkowski and K. Griest, Supersymmetric dark matter, Phys. Rept.
267 (1996) 195 [hep-ph/9506380].
[7] G. Bertone, D. Hooper and J. Silk, Particle dark matter: Evidence, candidates and
constraints, Phys. Rept. 405 (2005) 279 [hep-ph/0404175].
[8] H. Goldberg, Constraint on the photino mass from cosmology, Phys. Rev. Lett. 50 (1983)
1419.
[9] J. R. Ellis, J. S. Hagelin, D. V. Nanopoulos, K. A. Olive and M. Srednicki, Supersymmetric
Relics from the Big Bang, Nucl. Phys. B238 (1984) 453.
[10] G. L. Kane, C. F. Kolda, L. Roszkowski and J. D. Wells, Study of constrained minimal
supersymmetry, Phys. Rev. D49 (1994) 6173 [hep-ph/9312272].
– 41 –
Vertex Coupling Vertex Coupling
AµH−1
←→
∂ µH+1 −igsW AµH−q2
←→
∂ µHq2 −igsW q
AµH−p3
←→
∂ µHp3 −igsW p AµH−q−14
←→
∂ µHq+14 −igsW (q + 1)
AµH−p−15
←→
∂ µHp+15 −igsW (p+ 1) AµHp−q6
←→
∂ µHq−p6 igsW (p− q)
Z1µH−1
←→
∂ µH+1 − i2cW gc2W Z1µH
−q
2
←→
∂ µHq2 igsW tW q
Z1µH−p3
←→
∂ µHp3 igsW tW p Z1µH−q−14
←→
∂ µHq+14 igsW tW (q + 1)
Z1µH−p−15
←→
∂ µHp+15 igsW tW (p+ 1) Z1µHp−q6
←→
∂ µHq−p6 igsW tW (q − p)
Z1µH2
←→
∂ µA 12cW g No data No data
Vertex Coupling
Z2µH−1
←→
∂ µH+1 i2√3(u2+v2)g[cϕ(v2β1 − u2β2)− sϕ(v2γ1 − u2γ2)]
Z2µH−q2
←→
∂ µHq2 i2√3g{cϕ[(β2 + β1 − q(β2 − β1)] + sϕγ1}
Z2µH−p3
←→
∂ µHp3 i2√3g{cϕp(β1 − β2) + sϕ[(q + p+ 2)(γ2 − γ1)− 3γ2]}
Z2µH−q−14
←→
∂ µHq+14 i2√3g{cϕ[β1 + β2 − (1 + q)(β2 − β1) + sϕγ2]}
Z2µH−p−15
←→
∂ µHp+15 i2√3g{cϕ(1 + p)(β1 − β2) + sϕ[(q + p)(γ2 − γ1)− 3γ1]}
Z2µHp−q6
←→
∂ µHq−p6 ig2√3{cϕ[s2α3(β2+β1)+(p−q)(β2−β1)]+sϕ[γ1−p(γ2−γ1)+c2α3(γ2+γ1)]}
Z2µH1
←→
∂ µA 1
2
√
3(u2+v2)
guv[cϕ(β2 + β1)− sϕ(γ2 + γ1)]
Z2µH2
←→
∂ µA 1
2
√
3(u2+v2)
g[cϕ(v
2β1 − u2β2)− sϕ(v2γ1 − u2γ2)]
Z3µ . . . . . . Z2µ . . . . . . (cϕ → sϕ, sϕ → −cϕ)
Table 8. The interactions of a neutral gauge boson with two scalars.
[11] J. Edsjo and P. Gondolo, Neutralino relic density including coannihilations, Phys. Rev. D56
(1997) 1879 [hep-ph/9704361].
[12] E. W. Kolb and R. Slansky, Dimensional Reduction in the Early Universe: Where Have the
Massive Particles Gone?, Phys. Lett. B 135 (1984) 378.
[13] T. Appelquist, H.-C. Cheng and B. A. Dobrescu, Bounds on universal extra dimensions,
Phys. Rev. D64 (2001) 035002 [hep-ph/0012100].
[14] H.-C. Cheng, K. T. Matchev and M. Schmaltz, Radiative corrections to kaluza-klein masses,
Phys. Rev. D 66 (2002) 036005.
[15] K. Agashe and G. Servant, Warped unification, proton stability, and dark matter, Phys.
Rev. Lett. 93 (2004) 231805.
[16] N. Arkani-Hamed, A. G. Cohen, T. Gregoire and J. G. Wacker, Phenomenology of
electroweak symmetry breaking from theory space, JHEP 08 (2002) 020 [hep-ph/0202089].
[17] N. Arkani-Hamed, A. G. Cohen, E. Katz and A. E. Nelson, The Littlest Higgs, JHEP 07
(2002) 034 [hep-ph/0206021].
[18] I. Low, T parity and the littlest Higgs, JHEP 10 (2004) 067 [hep-ph/0409025].
– 42 –
Vertex Coupling Vertex Coupling
H1W
+W− 12g
2
√
u2 + v2 H1W
q
13W
−q
13
1
2g
2ucα2
H1W
p
14W
−p
14
1
2g
2ucα2 H1W
q+1
23 W
−q−1
23
1
2g
2vsα2
H1W
p+1
24 W
−p−1
24
1
2g
2vsα2 H2W
q
13W
−q
13
1
2g
2usα2
H2W
p
14W
−p
14
1
2g
2usα2 H2W
q+1
23 W
−q−1
23 −12g2vcα2
H2W
p+1
24 W
−p−1
24 −12g2vcα2 H3W q13W−q13 12g2wcα1
H3W
p
14W
−p
14 −12g2V sα1 H3W q+123 W−q−123 12g2wcα1
H3W
p+1
24 W
−p−1
24 −12g2V sα1 H3W q−p34 W p−q34 12g2(wcα1 − V sα1)
H4W
q
13W
−q
13
1
2g
2wsα1 H4W
p
14W
−p
14
1
2g
2V cα1
H4W
q+1
23 W
−q−1
23
1
2g
2wsα1 H4W
p+1
24 W
−p−1
24
1
2g
2V cα1
H4W
q−p
34 W
p−q
34
1
2g
2(wsα1 + V cα1) H+1 W q13W−q−123 1√2g2usα2
H+1 W p14W−p−124 1√2g2usα2 H
q
2W
+W−q−123
1
2
√
2
g2u
Hq2W−p14 W p−q34 12√2g2u H
p
3W
+W−p−124
1
2
√
2
g2u
Hp3W−q13 W q−p34 12√2g2u H
q+1
4 W
−W−q13
1
2
√
2
g2v
Hq+14 W−p−124 W p−q34 12√2g2v H
p+1
5 W
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W q13W
−q
13 Hq−p6 Hp−q6 12g2s2α3 W q13H1H+1 W−q−123 12√2g2s2α2
W q13H1H−p3 W p−q34 12√2g2cα2 W
q
13H1H−q−14 W+ 12√2g2sα2
W q13H2H−p3 W p−q34 12√2g2sα2 W
q
13H2H−q−14 W+ − 12√2g2cα2
W q13H3Hp−q6 W−p14 12√2g2c(α1+α3) W
q
13H4Hp−q6 W−p14 12√2g2s(α1+α3)
W q13AH+1 W−q−123 − i2√2g2c2α2 W
q
13AH−p3 W p−q34 i2√2g2sα2
W q13AH−q−14 W+ i2√2g2cα2 W
q
13H+1 H2W−q−123 − 12√2g2c2α2
W q13H+1 H−p−15 W p−q34 12g2cα2 W q13H−1 H−q2 W+ 12g2sα2
W q13H−q2 Hp3W−p14 12g2 W q13H−q−14 Hp+15 W−p14 12g2
W p14W
−p
14 H1H1
1
4g
2c2α2 W
p
14W
−p
14 H1H2
1
4g
2s2α2
W p14W
−p
14 H2H2
1
4g
2s2α2 W
p
14W
−p
14 AA 14g2s2α2
W p14W
−p
14 H3H3
1
4g
2s2α1 W
p
14W
−p
14 H3H4 −14g2s2α1
W p14W
−p
14 H4H4
1
4g
2c2α1 W
p
14W
−p
14 H+1 H−1 12g2c2α2
W p14W
−p
14 Hp3H−p3 12g2 W p14W−p14 Hp+15 H−p−15 12g2
W p14W
−p
14 Hq−p6 Hp−q6 12g2c2α3 W p14H1H+1 W−p−124 12√2g2s2α2
W p14H1H−q2 W q−p34 12√2g2cα2 W
p
14H1H−p−15 W+ 12√2g2sα2
W p14H2H−q2 W q−p34 12√2g2sα2 W
p
14H2H−p−15 W+ − 12√2g2cα2
W p14H3Hq−p6 W−q13 12√2g2c(α1+α3) W
p
14H4Hq−p6 W−q13 12√2g2s(α1+α3)
W p14AH+1 W−p−124 − i2√2g2c2α2 W
p
14AH−q2 W q−p34 i2√2g2sα2
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W p14AH−p−15 W+ i2√2g2cα2 W
p
14H+1 H2W−p−124 − 12√2g2c2α2
W p14H+1 H−q−14 W q−p34 12g2cα2 W p14H−1 H−p3 W+ 12g2sα2
W p14Hq2H−p3 W−q13 12g2 W p14Hq+14 H−p−15 W−q13 12g2
W q+123 W
−q−1
23 H1H1
1
4g
2s2α2 W
q+1
23 W
−q−1
23 H1H2 −14g2s2α2
W q+123 W
−q−1
23 H2H2
1
4g
2c2α2 W
q+1
23 W
−q−1
23 H3H3
1
4g
2c2α1
W q+123 W
−q−1
23 H3H4
1
4g
2s2α1 W
q+1
23 W
−q−1
23 H4H4
1
4g
2s2α1
W q+123 W
−q−1
23 AA 14g2c2α2 W q+123 W−q−123 H+1 H−1 12g2s2α2
W q+123 W
−q−1
23 Hq2H−q2 12g2 W q+123 W−q−123 Hq+14 H−q−14 12g2
W q+123 W
−q−1
23 Hq−p6 Hp−q6 12g2s2α3 W q+123 H1H−1 W−q13 12√2g2s2α2
W q+123 H1H−q2 W− 12√2g2cα2 W
q+1
23 H1H−p−15 W p−q34 12√2g2sα2
W q+123 H2H−q2 W− 12√2g2sα2 W
q+1
23 H2H−p−15 W p−q34 − 12√2g2cα2
W q+123 H3Hp−q6 W−p−124 12√2g2c(α1+α3) W
q+1
23 H4Hp−q6 W−p−124 12√2g2s(α1+α3)
W q+123 AH−1 W−q13 i2√2g2c2α2 W
q+1
23 AH−q2 W− i2√2g2sα2
W q+123 AH−p−15 W p−q34 i2√2g2cα2 W
q+1
23 H+1 H−q−14 W− 12g2cα2
W q+123 H−1 H−p3 W p−q34 12g2sα2 W q+123 H−1 H2W−q13 − 12√2g2c2α2
W q+123 H−q2 Hp3W−p−124 12g2 W q+123 H−q−14 Hp+15 W−p−124 12g2
W p+124 W
−p−1
24 H1H1
1
4g
2s2α2 W
p+1
24 W
−p−1
24 H1H2 −14g2s2α2
W p+124 W
−p−1
24 H2H2
1
4g
2c2α2 W
p+1
24 W
−p−1
24 H3H3
1
4g
2s2α1
W p+124 W
−p−1
24 H3H4 −14g2s2α1 W p+124 W−p−124 H4H4 14g2c2α1
W p+124 W
−p−1
24 AA 14g2c2α2 W p+124 W−p−124 H+1 H−1 12g2s2α2
W p+124 W
−p−1
24 Hp3H−p3 12g2 W p+124 W−p−124 Hp+15 H−p−15 12g2
W p+124 W
−p−1
24 Hq−p6 Hp−q6 12g2c2α3 W p+124 H1H−1 W−p14 12√2g2s2α2
W p+124 H1H−p3 W− 12√2g2cα2 W
p+1
24 H1H−q−14 W q−p34 12√2g2sα2
W p+124 H2H−p3 W− 12√2g2sα2 W
p+1
24 H2H−q−14 W q−p34 − 12√2g2cα2
W p+124 H3Hq−p6 W−q−123 12√2g2c(α1+α3) W
p+1
24 H4Hq−p6 W−q−123 12√2g2s(α1+α3)
W p+124 AH−1 W−p14 i2√2g2c2α2 W
p+1
24 AH−p3 W− i2√2g2sα2
W p+124 AH−q−14 W q−p34 i2√2g2cα2 W
p+1
24 H+1 H−p−15 W− 12g2cα2
W p+124 H−1 H−q2 W q−p34 12g2sα2 W p+124 H−1 H2W−p14 − 12√2g2c2α2
W p+124 Hq2H−p3 W−q−123 12g2 W p+124 Hq+14 H−p−15 W−q−123 12g2
W q−p34 W
p−q
34 H3H3
1
4g
2 W q−p34 W
p−q
34 H4H4
1
4g
2
W q−p34 W
p−q
34 Hq2H−q2 12g2 W q−p34 W p−q34 Hp3H−p3 12g2
W q−p34 W
p−q
34 Hq+14 H−q−14 12g2 W q−p34 W p−q34 Hp+15 H−p−15 12g2
W q−p34 W
p−q
34 Hq−p6 Hp−q6 12g2 W q−p34 H1H−q2 W p14 12√2g2cα2
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W q−p34 H1Hp3W−q13 12√2g2cα2 W
q−p
34 H1H−q−14 W p+124 12√2g2sα2
W q−p34 H1Hp+15 W−q−123 12√2g2sα2 W
q−p
34 H2H−q2 W p14 12√2g2sα2
W q−p34 H2Hp3W−q13 12√2g2sα2 W
q−p
34 H2H−q−14 W p+124 − 12√2g2cα2
W q−p34 H2Hp+15 W−q−123 − 12√2g2cα2 W
q−p
34 AH−q2 W p14 i2√2g2sα2
W q−p34 AHp3W−q13 − i2√2g2sα2 W
q−p
34 AH−q−14 W p+124 i2√2g2cα2
W q−p34 AHp+15 W−q−123 − i2√2g2cα2 W
q−p
34 H+1 Hp3W−q−123 12g2sα2
W q−p34 H+1 H−q−14 W p14 12g2cα2 W q−p34 H−1 H−q2 W p+124 12g2sα2
W q−p34 H−1 Hp+15 W−q13 12g2cα2 No data No data
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AW+H2H−1 −12g2sW AW+AH−1 i2g2sW
AW q13H1H−q2 12g2qcα2sW AW q13H2H−q2 12g2qsα2sW
AW q13AH−q2 i2g2qsα2sW AW q13H+1 H−q−14 1√2g2(q + 2)cα2sW
AW p14H1H−p3 12g2pcα2sW AW p14H2H−p3 12g2psα2sW
AW p14AH−p3 i2g2psα2sW AW p14H+1 H−p−15 1√2g2(p+ 2)cα2sW
AW q+123 H1H−q−14 12g2(q + 1)sα2sW AW q+123 H2H−q−14 −12g2(q + 1)cα2sW
AW q+123 AH−q−14 i2g2(q + 1)cα2sW AW q+123 H−1 H−q2 1√2g2(q − 1)sα2sW
AW p+124 H1H−p−15 12g2(p+ 1)sα2sW AW p+124 H2H−p−15 −12g2(p+ 1)cα2sW
AW p+124 AH−p−15 i2g2(p+ 1)cα2sW AW p+124 H−1 H−p3 1√2g2(p− 1)sα2sW
AW q−p34 H3Hp−q6 12g2(p− q)c(α1−α3)sW AW q−p34 H4Hp−q6 12g2(p− q)s(α1−α3)sW
AW q−p34 H−q2 Hp3 1√2g2(p+ q)sW AW
q−p
34 H−q−14 Hp+15 1√2g2(p+ q + 2)sW
Z1W
+H2H−1 12g2sW tW Z1W+AH−1 − i2g2sW tW
Z1W
q
13H1H−q2 14cW g2(1− 2qs2W )cα2 Z1W
q
13H2H−q2 14cW g2(1− 2qs2W )sα2
Z1W
q
13AH−q2 i4cW g2(1− 2qs2W )sα2 Z1W
q
13H+1 H−q−14 g
2[c2W−(3+2q)s2W ]cα2
2
√
2cW
Z1W
p
14H1H−p3 14cW g2(1− 2ps2W )cα2 Z1W
p
14H2H−p3 14cW g2(1− 2ps2W )sα2
Z1W
p
14AH−p3 i4cW g2(1− 2ps2W )sα2 Z1W
p
14H+1 H−p−15 g
2[c2W−(3+2p)s2W ]cα2
2
√
2cW
Z1W
q+1
23 H1H−q−14 12g2(q + 1)sα2sW Z1W q+123 H2H−q−14 −12g2(q + 1)cα2sW
Z1W
q+1
23 AH−q−14 i2g2(q + 1)cα2sW Z1W q+123 H−1 H−q2 1√2g2(q − 1)sα2sW
Z1W
p+1
24 H1H−p−15 −g
2[c2W+(3+2p)s
2
W ]sα2
4cW
Z1W
p+1
24 H2H−p−15 g
2[c2W+(3+2p)s
2
W ]cα2
4cW
Z1W
p+1
24 AH−p−15 − ig
2[c2W+(3+2p)s
2
W ]cα2
4cW
Z1W
p+1
24 H−1 H−p3 −g
2[c2W−(1−2p)s2W ]sα2
2
√
2cW
Z1W
q−p
34 H3Hp−q6
g2(q−p)c(α1−α3)s2W
2cW
Z1W
q−p
34 H4Hp−q6
g2(q−p)s(α1−α3)s2W
2cW
Z1W
q−p
34 H−q2 Hp3 − 1√2g2(p+ q)sW tW Z1W
q−p
34 H−q−14 Hp+15 − 1√2g2(p+q+2)sW tW
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Z2W
+H1H−1 12√3(u2+v2)g2uv[cϕ(β1 + β2)− sϕ(γ1 + γ2)]
Z2W
+H2H−1 12√3(u2+v2)g2[cϕ(β1v2 − β2u2)− sϕ(γ1v2 − γ2u2)]
Z2W
+AH−1 − i2√3(u2+v2)g2[cϕ(β1v2 − β2u2)− sϕ(γ1v2 − γ2u2)]
Z2W
q
13H1H−q2 − 18√3√u2+v2 g2u{cϕ(β1 + β2)[1 + (1− 4q2)t2W ] + 4sϕγ1}
Z2W
q
13H2H−q2 − 18√3√u2+v2 g2v{cϕ(β1 + β2)[1 + (1− 4q2)t2W ] + 4sϕγ1}
Z2W
q
13AH−q2 − i8√3√u2+v2 g2v{cϕ(β1 + β2)[1 + (1− 4q2)t2W ] + 4sϕγ1}
Z2W
q
13H+1 H−q−14 − 14√6√u2+v2 g2u{cϕ(β1 + β2)[1− (3 + 8q + 4q2)t2W ] + 4sϕγ2}
Z2W
p
14H1H−p3 14√3√u2+v2 g2u{cϕ[β1(1− p) + β2p] + sϕ[(q + p+ 1)(γ1 − γ2) + 2γ2]}
Z2W
p
14H2H−p3 14√3√u2+v2 g2v{cϕ[β1(1− p) + β2p] + sϕ[(q + p+ 1)(γ1 − γ2) + 2γ2]}
Z2W
p
14AH−p3 i4√3√u2+v2 g2v{cϕ[β1(1− p) + β2p] + sϕ[(q + p+ 1)(γ1 − γ2) + 2γ2]}
Z2W
p
14H+1 H−p−15 12√6√u2+v2 g2u{cϕ[β2(2+p)−β1(1+p)]+sϕ[(q+p+1)(γ1−γ2)+2γ1]}
Z2W
q+1
23 H1H−q−14 − 18√3√u2+v2 g2v{cϕ(β1 + β2)[1− (3 + 8q + 4q2)t2W ] + 4sϕγ2}
Z2W
q+1
23 H2H−q−14 18√3√u2+v2 g2u{cϕ(β1 + β2)[1− (3 + 8q + 4q2)t2W ] + 4sϕγ2}
Z2W
q+1
23 AH−q−14 − i8√3√u2+v2 g2u{cϕ(β1 + β2)[1− (3 + 8q + 4q2)t2W ] + 4sϕγ2}
Z2W
q+1
23 H−1 H−q2 − 14√6√u2+v2 g2v{cϕ(β1 + β2)[1 + (1− 4q2)t2W ] + 4sϕγ1}
Z2W
p+1
24 H1H−p−15 14√3√u2+v2 g2v{cϕ[β2(2+p)−β1(1+p)]+sϕ[(q+p+1)(γ1−γ2)+2γ1]}
Z2W
p+1
24 H2H−p−15 − 14√3√u2+v2 g2u{cϕ[β2(2+p)−β1(1+p)]+sϕ[(q+p+1)(γ1−γ2)+2γ1]}
Z2W
p+1
24 AH−p−15 i4√3√u2+v2 g2u{cϕ[β2(2+p)−β1(1+p)]+sϕ[(q+p+1)(γ1−γ2)+2γ1]}
Z2W
p+1
24 H−1 H−p3 12√6√u2+v2 g2v{cϕ[β1(1− p) + β2p] + sϕ[(q + p+ 1)(γ1 − γ2) + 2γ2]}
Z2W
q−p
34 H3Hp−q6 14√3√w2+V 2 g2{(1 + q − p)[wsα1(β1cϕ − γ1sϕ)− V cα1(β2cϕ −
γ2sϕ)] + (1− q + p)[wsα1(β2cϕ − γ2sϕ)− V cα1(β1cϕ − γ1sϕ)]}
Z2W
q−p
34 H4Hp−q6 14√3√w2+V 2 g2{(p− q − 1)[wcα1(β1cϕ − γ1sϕ) + V sα1(β2cϕ −
γ2sϕ)]− (1− q + p)[V sα1(β1cϕ − γ1sϕ) + wcα1(β2cϕ − γ2sϕ)]}
Z2W
q−p
34 H−q2 Hp3 12√6g2[(1 + q + p)(sϕγ1 − cϕβ1) + (1− q − p)(sϕγ2 − cϕβ2)]
Z2W
q−p
34 H−q−14 Hp+15 12√6g2[(1 + q + p)(cϕβ2 − sϕγ2)− (3 + q + p)(cϕβ1 − sϕγ1)]
Z3 . . . . . . Z2 . . . . . . (cϕ → sϕ, sϕ → −cϕ)
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AAH+1 H−1 g2s2W AAHq2H−q2 g2q2s2W
AAHp3H−p3 g2p2s2W AAHq+14 H−q−14 g2(1 + q)2s2W
AAHp+15 H−p−15 g2(1 + p)2s2W AAHq−p6 Hp−q6 g2(p− q)2s2W
AZ1H+1 H−1 g2(s2W − tW ) AZ1Hq2H−q2 −2g2q2s2W tW
AZ1Hp3H−p3 −2g2p2s2W tW AZ1Hq+14 H−q−14 −2g2(1 + q)2s2W tW
AZ1Hp+15 H−p−15 −2g2(1 + p)2s2W tW AZ1Hq−p6 Hp−q6 −2g2(p− q)2s2W tW
Z1Z1H+1 H−1 14c2W g
2c22W Z1Z1Hq2H−q2 g2q2s2W t2W
Z1Z1Hp3H−p3 g2p2s2W t2W Z1Z1Hq+14 H−q−14 g2(1 + q)2s2W t2W
Z1Z1Hp+15 H−p−15 g2(1 + p)2s2W t2W Z1Z1Hq−p6 Hp−q6 g2(p− q)2s2W t2W
Vertex Coupling
AZ2H+1 H−1 1√3(u2+v2)g2sW [cϕ(u2β2 − v2β1)− sϕ(u2γ2 − v2γ1)]
AZ2Hq2H−q2 1√3g2sW q{cϕ[q(β2 − β1)− (β2 + β1)]− sϕγ1}
AZ2Hp3H−p3 1√3g2sW p{cϕp(β2 − β1)− sϕ[(q + p+ 2)(γ2 − γ1)− 3γ2}
AZ2Hq+14 H−q−14 1√3g2sW (1 + q){cϕ[q(β2 − β1)− 2β1]− sϕγ2}
AZ2Hp+15 H−p−15 1√3g2sW (1 + p){cϕ(1 + p)(β2 − β1)− sϕ[(q + p)(γ2 − γ1)− 3γ1}
AZ2Hq−p6 Hp−q6 1√3g2sW (p− q){cϕ[s2α3(β2 + β1) + (p− q)(β2 − β1)] + sϕ[c2α3(γ2 +
γ1)− p(γ2 − γ1) + γ1]}
AZ3 . . . AZ2 . . . (cϕ → sϕ, sϕ → −cϕ)
Z1Z2H1H2
1
2
√
3cW (u2+v2)
g2uv[cϕ(β2 + β1)− sϕ(γ2 + γ1)]
Z1Z2H+1 H−1 12√3(u2+v2)cW g
2c2W [cϕ(u
2β2 − v2β1)− sϕ(u2γ2 − v2γ1)]
Z1Z2Hq2H−q2 − 1√3g2sW tW q{cϕ[q(β2 − β1)− (β2 + β1)]− sϕγ1}
Z1Z2Hp3H−p3 − 1√3g2sW tW p{cϕp(β2 − β1)− sϕ[(q + p+ 2)(γ2 − γ1)− 3γ2]}
Z1Z2Hq+14 H−q−14 − 1√3g2sW tW (1 + q){cϕ[q(β2 − β1)− 2β1]− sϕγ2}
Z1Z2Hp+15 H−p−15 − 1√3g2sW tW (1 + p){cϕ(1 + p)(β2 − β1)− sϕ[(p+ q)(γ2 − γ1)− 3γ1]}
Z1Z2Hq−p6 Hp−q6 − 1√3g2sW tW (p− q){cϕ[s2α3(β2 + β1) + (p− q)(β2 − β1)] +
sϕ[c
2
α3(γ2 + γ1)− p(γ2 − γ1) + γ1]}
Z1Z3 . . . Z1Z2 . . . (cϕ → sϕ, sϕ → −cϕ)
Z2Z2H1H1
1
24(u2+v2)
g2[u2(cϕβ1 − sϕγ1)2 + v2(cϕβ2 − sϕγ2)2]
Z2Z2H1H2
1
12(u2+v2)
g2uv[(cϕβ1 − sϕγ1)2 − (cϕβ2 − sϕγ2)2]
Z2Z2H2H2
1
24(u2+v2)
g2[v2(cϕβ1 − sϕγ1)2 + u2(cϕβ2 − sϕγ2)2]
Z2Z2H3H3
g2
24{c2α1 [cϕ(β2+β1)+sϕ(γ1+qγ1−qγ2)]2+s2α1s2ϕ[q(γ2−γ1)−γ2−2γ1]2}
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Z2Z2H3H4
1
24g
2s2α1{[cϕ(β2+β1)+sϕ(γ1+qγ1−qγ2)]2−s2ϕ[q(γ2−γ1)−γ2−2γ1]2}
Z2Z2H4H4
g2
24{s2α1 [cϕ(β2+β1)+sϕ(γ1+qγ1−qγ2)]2+c2α1s2ϕ[q(γ2−γ1)−γ2−2γ1]2}
Z2Z2AA 124(u2+v2)g2[v2(cϕβ1 − sϕγ1)2 + u2(cϕβ2 − sϕγ2)2]
Z2Z2H+1 H−1 112(u2+v2)g2[v2(cϕβ1 − sϕγ1)2 + u2(cϕβ2 − sϕγ2)2]
Z2Z2Hq2H−q2 112g2{cϕ[q(β2 − β1)− (β2 + β1)]− sϕγ1}2
Z2Z2Hp3H−p3 112g2{cϕp(β2 − β1)− sϕ[(q + p+ 2)(γ2 − γ1)− 3γ2]}2
Z2Z2Hq+14 H−q−14 112g2{cϕ[q(β2 − β1)− 2β1]− sϕγ2}2
Z2Z2Hp+15 H−p−15 112g2{cϕ(1 + p)(β2 − β1)− sϕ[(p+ q)(γ2 − γ1)− 3γ1]}2
Z2Z2Hq−p6 Hp−q6 112(w2+V 2)g2{V 2[cϕ(p− q)(β2 − β1)− sϕ(pγ2 − pγ1 − γ2 − 2γ1)]2 +
w2[cϕ((p− q)(β2 − β1) + β2 + β1)− sϕ(pγ2 − pγ1 − γ1)]2}
Z2Z3H1H1
g2
12(u2+v2)
[u2(cϕβ1−sϕγ1)(cϕγ1+sϕβ1)+v2(cϕβ2−sϕγ2)(cϕγ2+sϕβ2)]
Z2Z3H1H2
1
6(u2+v2)
g2uv[(cϕβ1−sϕγ1)(cϕγ1+sϕβ1)−(cϕβ2−sϕγ2)(cϕγ2+sϕβ2)]
Z2Z3H2H2
g2
12(u2+v2)
[v2(cϕβ1−sϕγ1)(cϕγ1+sϕβ1)+u2(cϕβ2−sϕγ2)(cϕγ2+sϕβ2)]
Z2Z3H3H3 − 112g2{c2α1 [cϕ(β2 + β1) + sϕ(γ1 + qγ1 − qγ2)][cϕ(γ1 + qγ1 − qγ2)−
sϕ(β2 + β1)] + s
2
α1sϕcϕ[(1− q)(γ2 − γ1) + 3γ1]2}
Z2Z3H4H3 − 112g2s2α1{[cϕ(β2 + β1) + sϕ(γ1 + qγ1 − qγ2)][cϕ(γ1 + qγ1 − qγ2)−
sϕ(β2 + β1)]− sϕcϕ[(1− q)(γ2 − γ1) + 3γ1]2}
Z2Z3H4H4 − 112g2{s2α1 [cϕ(β2 + β1) + sϕ(γ1 + qγ1 − qγ2)][cϕ(γ1 + qγ1 − qγ2)−
sϕ(β2 + β1)] + c
2
α1sϕcϕ[(1− q)(γ2 − γ1) + 3γ1]2}
Z2Z3AA g212(u2+v2) [v2(cϕβ1−sϕγ1)(cϕγ1+sϕβ1)+u2(cϕβ2−sϕγ2)(cϕγ2+sϕβ2)]
Z2Z3H+1 H−1 g
2
6(u2+v2)
[v2(cϕβ1−sϕγ1)(cϕγ1+sϕβ1)+u2(cϕβ2−sϕγ2)(cϕγ2+sϕβ2)]
Z2Z3Hq2H−q2 g
2
6 {cϕ[β2 +β1− q(β2−β1)] + sϕγ1}{sϕ[β2 +β1− q(β2−β1)]− cϕγ1}
Z2Z3Hp3H−p3 16g2{cϕp(β2 − β1)− sϕ[(p+ q + 2)(γ2 − γ1)− 3γ2]}{sϕp(β2 − β1) +
cϕ[(p+ q + 2)(γ2 − γ1)− 3γ2]}
Z2Z3Hq+14 H−q−14 16g2{cϕ[q(β2 − β1)− 2β1]− sϕγ2}{sϕ[q(β2 − β1)− 2β1] + cϕγ2}
Z2Z3Hp+15 H−p−15 16g2{cϕ(1 + p)(β2 − β1)− sϕ[(p+ q)(γ2 − γ1)− 3γ1]}{sϕ(1 + p)(β2 −
β1) + cϕ[(p+ q)(γ2 − γ1)− 3γ1]}
Z2Z3Hq−p6 Hp−q6 g
2c2ϕ
6(w2+V 2)
{V 2(p− q)[(p− 1)(γ2− γ1)− 3γ1](β2−β1)−w2[γ1− p(γ2−
γ1)][β2+β1+(p−q)(β2−β1)]}+ g
2s2ϕ
12(w2+V 2)
{V 2[(p−q)2(β2−β1)2−[(p−
1)(γ2−γ1)−3γ1]2]+w2[[γ1−p(γ2−γ1)]2−[β2+β1+(p−q)(β2−β1)]2]}
Z3Z3 . . . Z2Z2 . . . (cϕ → sϕ, sϕ → −cϕ)
Table 18. The interactions of two neutral gauge bosons with two scalars (Continued).
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